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Abstract

Functional interpretations are useful tools of proof theory. After Gédel described his dialectica
interpretation for Heyting arithmetic in 1941, many other interpretations have been proposed, each
focusing on different goals. We start with an overview of the interpretations of Gédel and Shoenfield.

We propose a functional interpretation for nonstandard Heyting arithmetic based on previous work
by Van den Berg, Briseid and Safarik. This interpretation enables the transformation of proofs in
nonstandard arithmetic of internal statements into proofs in standard arithmetic of those same state-
ments. The witnesses for external, existential statements of the interpreting formulas are functions
whose output is a finite sequence. Syntactically, the terms representing these functions are called
end-star terms. It is possible to define a preorder of end-star terms. Our interpretation is monotone
over this preorder: if a certain end-star term is a witness for an existential statement, then any “bigger”
term also is. Using this property, we are able to prove a soundness theorem for our interpretation,
which eliminates principles recognisable from nonstandard analysis. From this theorem, we get as
corollary the conservativity of nonstandard arithmetic over standard arithmetic, as well as a term ex-
traction theorem. It is also possible to prove a characterization theorem for our interpretation. As
corollary, we show that the countable saturation principle does not add proof theoretical strength to
our intuitionistic nonstandard system.

Finally, we give a short description of Weihrauch reducibility and comment on an application of
Godel’s dialectica interpretation to, in certain circumstances, prove that a v3-formula Weihrauch re-

duces to another one.
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Functional interpretations, nonstandard arithmetic, Weihrauch reducibility.
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Resumo

As interpretag@es funcionais sao ferramentas Uteis da teoria da demonstragdo. Depois de Godel
ter descrito a sua interpretagéo dialectica para a aritmética de Heyting, foram propostas muitas outras
interpretacdes, cada uma com objectivos diferentes. Comegamos por apresentar as interpretacoes
de Godel e Shoenfield.

Propomos uma interpretacédo funcional para a aritmética de Heyting ndo standard, baseada em
trabalho de Van den Berg, Briseid e Safarik. Esta interpretacédo permite a transformagao de provas
na aritmética nao standard de teoremas internos em provas na aritmética standard desses mesmos
teoremas. As testemunhas para afirmacoes existenciais externas das férmulas interpretadoras sao
fungdes cujo output é uma lista finita. Sintacticamente, os termos que representam estas fungoes
sdo chamados termos end-star. E possivel definir uma pré-ordem nos termos end-star. A nossa
interpretagdo € monotona nesta pré-ordem: se um dado termo end-star € uma testemunha para
uma afirmacao existencial, entdo qualquer termo “maior” também o é. Usando esta propriedade,
provamos a correcgao da nossa interpretacao, e eliminamos principios reconheciveis da analise nao
standard. Também obtemos como corolario que a aritmética ndao standard é conservativa sobre a ar-
itmética standard, bem como um teorema de extracgao de termos. E possivel provar um teorema de
caracterizagao para a nossa interpretagdo. Como corolario, mostramos que o principio da saturagao
contavel nao acrescenta forca ao nosso sistema intuicionista nao standard.

Por fim, descrevemos brevemente a redutibilidade de Weihrauch e sugerimos uma aplicacao da
interpretagao dialectica de Gddel para, em certas circunstancias, decidir se uma férmula-v3 se reduz-

Weihrauch a outra.

Palavras-chave

Interpretagdes funcionais, aritmética nao standard, redutibilidade de Weihrauch.
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1.1 Proof interpretations

Given formal systems 7; and 73, a proof interpretation I from 7; to 75 is a particular way of
obtaining a formula A’ in the language of 75 from a formula A in the language of 7;. Such an
interpretation is defined by induction on the logical structure of A. After defining it, one should be able

to prove a soundness theorem. Soundness theorems are loosely of the form:

Theorem (Soundness). Let C and A be collections of principles, and A’ a suitable modification of the

principles A. For all formulas A of the language of 71, if 71 + C + A - A, then T, + A’ - AL,

The principles C are called characteristic principles. Characteristic principles of a proof interpre-
tation vanish under it. In other words, for a characteristic principle C, it is possible to prove C7 in T3
without having access to C itself. The principles A are called side principles. Side principles don’t
vanish under I, and we need A’ to prove their interpretations. However, the formulas in A’ are usually
similar to the formulas in A.

Soundness theorems are very useful. For example, as long as L/ = 1, which is usually the case,
the soundness theorem for the I-interpretation entails the consistency of 77 + C relative to the consis-
tency of 75.

There is another class of theorems related to proof interpretations: the characterization theorems.
If 7 is a theory which encompasses the languages of 7; and 75, and P is a collection of principles, a

characterization theorem is of the form:
Theorem (Characterization). For all formulas A of the language of 71, we have that 7+ P - A < AL,

It is interesting to look for a minimal collection of principles P which is enough to prove the charac-
terization theorem for a given interpretation. These principles give a notion of the “distance” between
the original formula A and its interpretation A’.

The functional interpretations that are discussed in this work are much more specific than what is
outlined above. The theories 7; and 75 are always theories of arithmetic that vary in two important
ways: on the one hand, they feature either Heyting (intuitionistic) or Peano (classical) arithmetic; on
the other hand, they focus on either standard or nonstandard arithmetic. By mixing these four possi-
bilities, four important theories were defined: WE-HA®, which we outline in Section 2.1.1; WE-PA®,
see Section 2.1.2; and E-HAg™ and E-PAg", discussed in Section 3.1.2.

The “HA” and “PA” stand for Heyting and Peano arithmetic, respectively. The prefixes “WE” and
“E” have to do with the treatment of equality: in the first case the theories are weakly extensional,
while in the second case we allow full extensionality. The “w” indicates that the theories are typed,
and that we allow all finite types. The “st” means that the theories in question are in a nonstandard
setting. Finally, the “*” heralds the use of the so-called star types (types for finite sequences), which

will be necessary when we interpret nonstandard arithmetic.



1.2 Interpreting arithmetic

The first use of a functional interpretation was by Gddel [22] (later revised and translated into
English as [23]). Gddel’s functional interpretation was dubbed dialectica after the name of the journal
in which it was originally published.

The dialectica interpreted Heyting arithmetic in a quantifier-free version of it. The goal was to show
the consistency of number theory by “finitistic’ means (see [44] for a discussion). Each arithmetical
formula A(a) was given a translation into a formula of the form A(a)? = 3z Vy Ap(z,y, a), with
Ap quantifier-free and without v. As long as we knew a proof that A(a) was intuitionistically true,
the soundness theorem guaranteed that there existed closed, higher-typed, computable terms t such
that Ap(ta,y, a) was provable in a quantifier-free intuitionistic theory. Since 1L” = 1, the soundness
theorem was a consistency proof of Heyting arithmetic, as long as one accepted the consistency of
the latter theory.

Nowadays, the consistency of widely used theories such as Heyting arithmetic is hardly in question
(see [26] for a discussion). However, the dialectica interpretation and others like it are still useful as
tools in proof theory for their term extraction functionalities: the terms ¢ obtained from the soundness
theorem are a codification of the proof of A(a), and offer important insights into it. These terms can
be used in practical applications in other areas of mathematics. In fact, there is a branch of proof
theory, named “proof mining”, which uses functional interpretations in a prominent way. These make
it possible to extract quantitative information from certain proofs of theorems in analysis, for example.
This extra information is often in the form of bounds on the growth rate of specific functions. For
surveys of advances made in proof mining see [29, 30, 32].

In Section 2.2, we present the dialectica interpretation as an interpretation of WE-HA® in itself,
following Chapter 8 of [29]. When seen from this point of view, the main goal is not to obtain a
consistency proof, but to extract computable terms from the proof of A, which may give us insights
into the said proof. The surveys [44, 13, 1] also give good overviews of the dialectica interpretation.

With the dialectica interpretation we are able to obtain information about Heyting arithmetic. What
about Peano arithmetic? We could define an interpretation directly for WE-PA® (discussed ahead), or
we could first use a negative translation. The latter are a kind of interpretation that we won’t discuss
in this work. They are a way to go from classical logic to intuitionistic logic, without extraction of
terms. Perhaps the best known such interpretation is due to Godel ([21]) and Gentzen (independently,
[18, 19]). Negative translations can be coupled with functional interpretations of an intuitionistic theory
to obtain functional interpretations of a classical theory. Hence, first doing a negative translation and
then applying the dialectica interpretation, we get an interpretation of WE-PA“ into WE-HA® with the
possibility of term extraction. See Chapter 10 of [29] for more details.

Another way to obtain interpretations for classical theories is to do them directly. In Section 2.3,
we present Shoenfield’s interpretation, first published in Section 8.3 of his book [38], which interprets
WE-PA” into WE-HA”. As a side note, it was shown by Streicher and Kohlenbach in [41] (and

independently by Avigad, unpublished) that Shoenfield’s interpretation is precisely a specific negative



translation due to Krivine [34] followed by the dialectica interpretation. So in this case, at least, defining
an interpretation directly for Peano arithmetic is no different from composing a negative translation

with an interpretation for Heyting arithmetic.

1.3 Interpreting nonstandard arithmetic

Interpreting nonstandard arithmetic by way of functional interpretations is a somewhat recent idea
due to Benno van den Berg, Eyvind Briseid and Pavol Safarik [2]. In their paper, they describe
two functional interpretations for intuitionistic and classical logic: the Dg-interpretation, and the Sg-
interpretation, respectively.

In the theories E-HAg™ and E-PAg" there is a unary predicate symbol “st”, which we see as de-
termining whether a given object is standard. This gives rise to two sets of quantifiers: the internal
quantifiers V and 3, which quantify over all objects, and the external quantifiers V! and 3%, which
quantify only over standard objects. The interpretations of Van den Berg et al. distinguish the treat-
ment of internal and external quantifiers. The external quantifiers are interpreted as usual, requiring
computational witnesses, while the internal quantifiers are exempt from this obligation.

There is another interesting particularity of the Dg-interpretation. It is herbrandised, in the sense
that the witnesses for the external, existential quantifiers of the interpreting formulas need not be
exact; only a finite set of possible witnesses for each statement is required. In this spirit, Van den
Berg et al. impose that the external, existential quantifiers of the interpreting formulas quantify only
over finite sets, which syntactically translates to quantifying over variables of star type. The star type
indicates finite sequences, not sets, but the order of the elements is never relevant.

In accordance with the herbrandised quality of the Dg-interpretation, the interpreting formulas
have a monotonicity property, i.e., if a sequence s is a witness for an external existential statement,
then a “bigger” sequence s’ is also a witness for it. When s and s’ are of star type, we define the
meaning of “bigger” like so: s is contained in s’ if and only if all the elements of s are also elements of
s’

In Chapter 3 of this work, we present two different interpretations for nonstandard arithmetic: the
Hg and Sg-interpretations, in Sections 3.3 and 3.4, respectively. These interpretations are adapta-
tions of the ones by Van den Berg et al. The key difference between the Hg and Dg-interpretations
is in the external, existential statements of the interpreting formulas: here these variables don’t have
to be of star type, they only have to be of end-star type. Terms of this type represent functions with
several inputs whose last possible output is a finite sequence.

It is possible to extend the preorder of sequences mentioned above to a preorder of the end-star
types. The extension is pointwise, following a suggestion of Fernando Ferreira. For example, if f and
/' are of type p — o — 7*, we say that f is contained in f if and only if for all = of type p and for all y
of type o, fzy is contained in f'xy.

The Sg-interpretation described here is due to Dinis and Ferreira [10], even though Van den Berg

et al. also present an interpretation for E-PAg" called Sg; in Section 7 of [2]. They are very similar (and



in fact equivalent in a certain sense), but come from different philosophies: while Van den Berg et al.
obtain their interpretation by coupling the Dg-interpretation with a negative translation and lose the
monotonicity property in the process, Dinis and Ferreira define their Sg-interpretation from scratch
and with monotonicity. Curiously, in the classical setting all external, existential quantifications are

naturally of star type, so the notion of containment between end-star types is never necessary.

1.4 Other functional interpretations

There were a lot of functional interpretations proposed over the years. A comprehensive list can
be found in the historical comments at the end of Chapter 8 of [29]. Here we mention only a couple
of interpretations more.

In [9], Diller and Nahm proposed a modification of the dialectica interpretation which doesn’t need
the decidability of quantifier-free formulas to interpret the A — A A A axiom. The trick is a kind of
herbrandisation. See [8] for a discussion of this interpretation.

In [28], Kohlenbach presented the monotone functional interpretation, which is the dialectica in-
terpretation followed by a weakening of the requirement for the witnessing terms. Instead of requiring
precise witnesses, it requires only majorants for such witnesses. Since it allows for more side princi-
ples, it has been used very successfully as a tool for proof mining. A survey of examples of its use
can be found in [30].

Ferreira and Oliva also have interpretations which only require bounds on the witnessing terms,
called the bounded functional interpretations: [16] for the intuitionistic case, and [14] for the classical
case. Contrary to the monotone functional interpretation, here the bounds are applied at each step of
the interpretations, instead of only at the end. These interpretations were adapted to the nonstandard
setting by Ferreira and Gaspar for the classical case, [15], and by Dinis and Gaspar for the intuitionistic
case, [11].

The bounded functional interpretations share many similarities with the functional interpretations
for nonstandard arithmetic discussed before, since both distinguish between two kinds of quantifiers
(one kind which must produce explicit withesses and the one kind interpreted uniformly), and both

dispense with precise witnesses, requiring merely some kind of bound.

1.5 Weihrauch reducibility

In Chapter 4, we study a relation between multi-valued operations introduced by Klaus Weihrauch
[45, 46], and later modified to its modern definition by Gherardi and Marcone [20]. It has been used
in logic to find which theorems can be computationally (or continuously) reduced into which other
(see, for example, [5, 6, 7, 20]). To deal with this, we look at theorems as multi-valued operations. In
particular, theorems of the form:

Va 3y Ao(z,y)

are good candidates to see as multi-valued operations, since to every z it's possible to assign at least

a y such that Ag(z,y).



With this notion it is possible to define the so-called Weihrauch degrees, which are classes of
inter-reducible theorems, thus obtaining a classification of theorems. In this work we don’t classify
any theorem, but instead give a suggestion on how to, in certain circumstances, prove that a V3-

theorem Weihrauch-reduces to another, by way of the dialectica interpretation.

1.6 Thesis outline

We start by introducing the two best known functional interpretations in Chapter 2: Gdodel’s (Sec-
tion 2.2) and Shoenfield’s (Section 2.3). These are interpretations for Heyting and Peano arithmetic
in all finite types, respectively. So the first step is to introduce formal systems for these two theories.
That is done in Section 2.1.1 for Heyting arithmetic, and in Section 2.1.2 for Peano arithmetic. Then
we give the statements of the soundness, term extraction, and characterization theorems for both
interpretations.

In Chapter 3, we move into the realm of nonstandard arithmetic. We start by adapting the systems
introduced in Section 2.1: first by adding the star type, meant to describe finite sequences, in Section
3.1.1; then by adding the unary “st” predicate, meant to describe the standardness of a term, in
Section 3.1.2.

In Section 3.2, we describe proof principles often used in the context of nonstandard arithmetic.
These principles will be eliminated by the functional interpretations we present in the ensuing sections.

In Section 3.3, we introduce the Hg-interpretation. This is a functional interpretation for nonstan-
dard Heyting arithmetic, based on the Dg-interpretation of Van den Berg et al. [2]. The key difference
is in the allowed types of the witnesses for the external, existential statements of the interpreting
formulas. We prove soundness, term extraction, and characterization theorems for this new interpre-
tation.

In Section 3.4, we describe the Sg-interpretation of Dinis and Ferreira [10], a functional interpre-
tation for nonstandard Peano arithmetic. We extend the soundness theorem of this interpretation to
a theory of full arithmetic, since in [10] the theory considered only allows induction for quantifier-free
formulas. We also prove a characterization theorem for this interpretation.

In Section 3.5, we put the Hg-interpretation to use. We start by showing, in Section 3.5.1, that
the principle of countable saturation, CSAT*, does not add power to an intuitionistic theory. Then,
in Section 3.5.2, we note that that, when CSAT" is added to the classical theory of nonstandard
arithmetic we use, the ensembile interprets full second-order arithmetic.

In Section 4.1, we introduce the notion of Weihrauch reducibility between multi-valued operations.
Finally, Section 4.2 is a short note describing how to use Gddel’s interpretation of Section 2.2 to, in

certain circumstances, prove that a V3-theorem Weihrauch-reduces to another one.
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2.1 Systems for Heyting and Peano arithmetic in all finite types

We use several formalizations of arithmetic throughout this work, both in the intuitionistic and the
classical settings. This section describes what we mean by Heyting and Peano arithmetic in all finite
types. Along the way, we mention various useful results, mostly without proof. For an overview of
these topics, see Chapter 3 of [29].

In order to present the typed systems of this section, we need to first define what we mean by

type.

Definition 2.1.1 (Finite types). The finite types are described inductively as:
e 0 is a finite type;
e If p, T are finite types, then (p — 7) is a finite type.

The parenthesis in a type associate to the right, and we omit them when possible, to simplify the
notation.

The type 0 should be thought of as the natural numbers, and the type p — 7 as the functions from
objects of type p to objects of type 7. As a side note, the type 0 — 0, also represented by the symbol 1,
is the type of the functions from the natural numbers to the natural numbers. It is also the appropriate
type for the real numbers, which can be represented by Cauchy sequences of rational numbers. See

[29] for a description on how to formalize analysis.

Remark 2.1.2. Any type p # 0 can be uniquely written as p = p;1 — p2 — --- = px — 0, for some

natural number k and types p1, ..., pk.

2.1.1 Extensional and weakly extensional Heyting arithmetic, E-HA” and WE-HA"

Extensional and weakly extensional Heyting arithmetic in all finite types, represented by E-HA*
and WE-HA" respectively, share the same terms, formulas and most axioms. The distinction is made

in the axioms of equality for types higher than 0, as we will see shortly.

Terms
e A numerable set of variables for each type: z7,y%,27,...;
e Logical constants or combinators:

- II, - of type p — 7 — p, for all types p, 7;

= Y5, Oftype (0 = p— 1) = (6 = p) = 0 — 7, for all types ¢, p, 7;
e Arithmetical constants:

— 0 of type 0 (zero);

— S of type 0 — 0 (successor);



- (Rp) =(R1)p,-..,(Rr)p Where p = p1,..., p, and each R; has type:
0=pr—= - —=ppe—=>0—=p = =pp—=p1) == (0= p1 == pp—pr) = pi
for all natural numbers k, and types p1, ..., px (Simultaneous recursors);

o Ift7, 777 are terms, then (ft)? is a term.

The type of a term is often omitted to avoid heavy notation. But every time a term is mentioned,
it should be assumed that it has a type consistent with the context in which it appears, obeying the
application of terms rule.

We think of (f77“t™) as “f applied to t”, as if f were a unary function and ¢ an argument. However,
if o = p — §, the same term f could appear in the expression ((f™77%t™)u”), and now it looks like
it should be a binary function. In reality, all of the options above are valid term constructions, as long
as the types are correct. The parenthesis associate to the left, which means that ftu is the same as
((ft)u).

The expression t is a (possibly empty) tuple of terms ¢4, ..., tx, where |t| := k. In particular, we
uset,s:=1ty,...,tg,81,...,8;, ft:= ft1---t and ft := fit,..., fot.

The variables of a term ¢, denoted by var(t), are defined inductively in the following way: if x is a
variable, var(z) := {z}; if ¢ is a constant (logical or arithmetical), var(c) := @; if ¢, 777 are terms,

var(ft) := var(f) Uvar(t). If a term ¢ has no variables, i.e., if var(t) = ), we say that ¢ is closed.

Formulas
e | is an atomic formula (falsum);
o If 0 40 are terms, then t =, u is an atomic formula (equality of type 0);

e If A and B are formulas and z” is a variable, then (A A B), (AV B), (A — B), (V2™ A) and

(327 A) are formulas.

We use (—A4) as shorthand for (A — 1), (¢t #o u) as shorthand for =(¢ =¢ u) and (A «+ B) as
shorthand for ((A — B) A (B — A)).
In order to facilitate the reading of formulas, it is possible to omit some sets of parenthesis. This is

governed by the following priority of symbols, from higher (left) to lower (right):
._"vszl ./\,\/ o —,

Furthermore, — associates to the right, i.e., A — B — C'is to be interpreted as A — (B — C),
which makes for even lighter notation.

Formulas without both V and 3 are said to be quantifier-free, and are sometimes marked as so
with an underscore “0”, i.e., Ag, By, . . . represent quantifier-free formulas.

If Ay is a quantifier-free formula, B =V a Ay and C = Jx A, for some tuple of variables x, we say

that B is a purely universal formula, and that C' is a purely existential formula.



The free variables of a formula A, denoted by fv(A), are defined inductively in the following way:
fv(L) = 0; if t°u° are terms, fv(t =¢ u) := var(t) U var(u); if A, B are formulas, fv(AOB) :=
fv(A) ufv(B), with O € {A,Vv,—}; if Ais a formula and z is a variable, fv(A z A) := fv(A) \ {z}, with
A e {Vv,3}. Variables which are not free but do appear in the formula are said to be bound.

If a formula has no free variables, we say that it is a closed formula, or a sentence. When we write
A(x), we mean that « might be a free variable of A (but never a bound variable of A), and we wish to

bring it to attention.

Logical axioms and rules

Heyting arithmetic is based on intuitionistic logic. The axioms that we use for it are:

Contraction: A— ANA AVA— A
Weakening: ANB — A A— AVB
Symmetry: AANB—-BANA AVB—>BVA

Ex falso quodlibet: 1— A
Quantifier: Ve A— Alt/z]  Alt/z) - 3Jx A wheretisfreeforzin A

The notation A[t/x] represents formula A where variable z is replaced by ¢ in every place where x
appears free, i.e., in every place where it is not in the scope of a quantification over z. The substitution
can only be made when it doesn’t lead to previously free variables in ¢t becoming bound in Aft/z]. If
the substitution is possible, we say that ¢ is free for x in A. It is conventional to assume that, in a
context where we wish to replace x for ¢ in formula A, but t is not free for = in A, we just rename the
bound variables in A until the substitution causes no problems, obtaining A’. This is possible because
the name of a bound variable is for all intents and purposes irrelevant, meaning that A and A’ are
equivalent. After implementing this convention, there is no longer a need to mention whether a term
is free for a variable in a formula or not.

When we use the axiom Vo A — A[t/z], we say that we are instantiating « by ¢, and often write
T :=t.

The logical rules are:

Modus ponens: Syllogism:

A A—B A—B B-=C

B A—=C

Exportation: Importation:

ANB = C A—-B—-C

A—-B-—>C ANB - C
Expansion:

A— B
CVA—-CVB

10



V-introduction: 3-introduction:
B— A A— B

Bovad® ¢ fv(B) T AS 5" ¢ fv(B)

There are many other descriptions of intuitionistic logic, using other axioms and rules. This one,
first alluded to by Gddel in [22], is particularly useful for proving theorems about it, which is our pur-
pose. Still, it would be possible to use a natural deduction description to obtain the same goals, as is
done in [25]. Natural deduction makes proving assertions inside the language much more straightfor-
ward. For an overview of a natural deduction calculus for intuitionistic logic, including descriptions of

semantics for it, see, for example, Chapters 2 and 9 of [42].
Equality
Following Chapter 3 of [29], we take type 0 equality as primitive with the following axioms:
Reflexivity: z =¢ x
Symmetry: x =gy -y =¢ x
Transitivity: © =gy Ay =¢ 2z > = =¢ 2

Equality at higher types is defined: let p = p; — --- — pr — 0 be a type, and ¢, u terms of type p.
Then:

(t=pu):=Nyl", ...,y tyr ...y =0 Uy . .. Yg)
where y1, ...,y are not variables of either ¢ or w.

Sometimes we omit the subscript of the equality symbol to lighten the notation. It can be inferred
from the types of the terms being compared. Conversely, if we write ¢t =, u, then it is implicit that both
t and u have type p.

Reflexivity, symmetry and transitivity of =, follow from the same axioms for type zero equality. But
there’s still something missing. Even though our system does not have functions of arity greater than
zero, it does have typed constants, which take their place. So it would seem reasonable to ask for

some kind of extensionality axioms, for example:
Bz VT2l yf (x=py — fr=; fy)

for all pairs of types (p, 7).
When accepting the axioms of extensionality, we obtain extensional Heyting arithmetic, E-HA“. In

this context it is possible to prove:

Proposition 2.1.3 (Equal terms are interchangeable in E-HA®). For every formula A, and variables
x*,y”, E-HA” proves:

=,y NA(z) = A(y)
Proof. Induction on the logical structure of A. For the base case it is necessary to prove z =, y —

tlz/z] =; t[y/z] by induction on the structure of the terms. O

11



However, the soundness theorem for the dialectica interpretation (Theorem 2.2.6) does not hold
in the context of E-HA®, precisely because of the extensionality axioms (see [24]). In order to weaken
them, we use a quantifier-free extensionality rule:

Ao*)tipu

QFER: el =, /sl

where A is a quantifier-free formula, = is a variable and ¢”, u” and r™ are terms.
When accepting QF-ER in lieu of the E, ; axioms, we obtain weakly extensional Heyting arith-

metic, WE-HA®. In this context we can only prove a weaker version of Proposition 2.1.3, namely:

Proposition 2.1.4. For any quantifier-free formula Ay and formula B, WE-HA® proves:

AO —t =p U
Ao = (Blt/2F] < Blu/xr])

There is another way to weaken E-HA” to a theory suitable to perform the soundness of the
dialectica interpretation, namely to take equality as intensional. This is actually what Gddel does
when describing his interpretation in [22]. For a discussion of the several possible treatments of

equality, see Section 2.5 of [1].

Arithmetical axioms and rules

Successor axioms:

Sz #0 0 St =¢ Sy —x =0y

II and X axioms:
I, xy =, x, forany =, y"

S—p—1 ,0—p 0
) 72

Ys.prxyz =, xz(yz), forany Y

Recursor axioms: let p = p1,..., p. be any tuple of types. Let 2°, y = v1,...,y, with each y; of
type p;, and z = z1, ..., z; with each z; of type 0 — p1 — --- — pr — p; be variables. The axioms
are:

(Ri)pOyz =pi Yi
forie {1,...,k}
(Ri)p(Sz)yz =pi zix(Rpryz)
We changed the order of the arguments of the z;'s, compared to what is done in [29]. This is to

simplify the construction of some terms ahead.

Induction schema:
A(0) AV 2° (A(x) — A(Sz)) — Vo Az)

We could have equivalently introduced the induction rule instead of the induction schema:

A(0) A(z) — A(Sx)
A(x)

12



Useful definitions and results

Quir first goal is to show that quantifier-free formulas satisfy the law of excluded middle when in

the presence of arithmetic. To achieve it, some preliminary results are necessary.
Lemma 2.1.5. WE-HA“ - V20 (z =0 0 V & #( 0).
Idea of Proof. Induction on x°. O
Lemma 2.1.6. WE-HA" proves the following:
1l.o=gye|z—yl=00
2. =0 0ANy=00x+y=00
3. 2=0Vy=00c2x-y=¢0
4. (x=00—y=090) ¢ sign(z) -y =00

where |z — y|, z + y and z - y have the usual meaning and sign(z) is 0 when = #, 0 and S0 when

$:00.

Idea of Proof. It should be clear that the functions used here are primitive recursive and hence that it
is possible to define suitable terms for them in WE-HA®, making use of recursion.

The proof of the equivalences goes by double induction on x, y and uses Lemma 2.1.5. O

Proposition 2.1.7. Let Ay(x) be a quantifier-free formula of WE-HA®, with free variables among .

Then there exists a closed term ¢ 4, such that:
WE-HA” FVx (tAOQE =00 & Ao(iL’))

Idea of Proof. Induction on the logical structure of Ag.

Notice that the atomic formulas of WE-HA® are either L or of the form ¢ =, « for terms ¢ and w.
Clearly WE-HA” I- 0 =¢ S0 « L, so even L can be seen as an equality between terms.

The result then follows from Lemma 2.1.6: item 1 takes care of the base of induction for atomic
formulas other than 1, and the other three items of the steps for each logical symbol: A, v, and —,

respectively. O

Corollary 2.1.8 (Law of excluded middle for quantifier-free formulas). If A is a quantifier-free formula
of the language of WE-HA", then:
WE-HA"  Aq vV —Aq

Proof. Direct from Lemma 2.1.5 and Proposition 2.1.7. O

Corollary 2.1.9 (Elimination of V). For every quantifier-free formula Aq(x) of the language of WE-HA®,

there exists an equivalent quantifier-free formula By (x) without V.

Proof. Simply take By(x) := (ta,x =0 0), as given by Proposition 2.1.7. This is an atomic formula,

and clearly doesn’t have any V. O
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The next results focus on providing us with a very convenient way of expressing terms, namely

A-abstraction.
Definition 2.1.10 (\-abstraction).
o (NP .x)P7P =%, 5, 1, 0,00,
o (A .t7)P77 =11, ,t, if © & var(t)
o ANz 77U =8, , oy Az t)( Az . w), if € var(tu)

Remark 2.1.11. var(Az.t) = var(¢) \ {z}, as can be clearly seen by induction on the construction of

the lambda terms.
One easily shows by induction on the construction of the lambda terms that:
Proposition 2.1.12 (Combinatorial completeness). WE-HA” - (Az? .t7)s? =, t[s/z].

We often write Az, y .t as shorthand for Az . (Ay.t). Furthermore, the notation A« .t should be

interpreted as (A z1,..., 2k - t1),...,(Ax1,..., 2k . 1])-

Corollary 2.1.13. For every term ¢™ and variable z”, there exists a term T of type p — 7 and variables
var(T) = var(t) \ {z} such that:
WE-HA" + T's? =, t[s/z]

Proof. Taking T := Az .t, this is a direct consequence of Remark 2.1.11 and Proposition 2.1.12. O

We close with the descriptions of some useful terms, namely a zero of arbitrary type, and definition

by cases.
Definition 2.1.14 (O*). For each type p = p1 — --- — pr — 0, we distinguish a “zero of type p”:
OF = Xat, ... 2.0
This zero will be useful when we need a term of a specific type, but the term in itself is not relevant.
Proposition 2.1.15 (Definition by cases). For every type p, there exists a closed term C' such that:
WE-HA® F V20, ¢, 2° [(x = 0 — Cayz = y) A (z # 0 — Cayz = 2)]

Proof. Let
C:= a0 yP, 2", Ryzy(A ¢ 2)

Notice that C is well defined, for R, has type 0 — p — (0 — p — p) — p, = has type 0, y has type p

and A% ¢” .z has type 0 — p — p. Furthermore:
COyz =, R,0y(A r0,q" . 2)
=,y
C(Sz)yz =, R,(Sz)y(Ar°,¢" . 2)
=, (A ro,qp.z)a:(Rpa:y()\ r0,q° . 2))

:pz
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It only remains to notice that, as = #¢ 0 — = = S(pred z) (where pred’~’ is the predecessor term),

then x #, 0 = Cryz =, 2. O

Proposition 2.1.15 can be proven even without the use of R,: the base type recursor Ry suffices.

This is shown in Proposition 3.19 of [29].

Remark 2.1.16. It should be clear that all of the results outlined above for WE-HA® also hold for
E-HA", since they share the same language and one can derive the quantifier-free rule of extension-

ality from the extensionality axioms.

2.1.2 Extensional and weakly extensional Peano arithmetic, E-PA* and WE-PA*

Peano arithmetic is obtained from Heyting arithmetic by using classical logic instead of intuitionistic
logic. One way to do this is to maintain everything and add a new logical axiom, the law of excluded
middle for all formulas:

LEM: Av-A

Hence WE-PA* is WE-HA” + LEM, and E-PA“ is E-HA® + LEM.

However, these definitions now have superfluous axioms and rules. Furthermore, one can obtain
some logical connectives from others. This is a nuisance when one wants to prove something about
a system of Peano arithmetic by induction on the logical structure of a formula, or by induction on the
proof of a statement.

A minimal treatment of classical logic is, for example, to take v, -, and V as primitive, and L, A,

—, and 3 as defined. Following Section 2.6 of [38], the logical axioms and rules can be reduced to:

LEM: Instantiation:
Av-A Vo A— Alt/x]
Expansion: Contraction:
A AV A
AV B A
Association: Cut:
AV (BVC) AVB —AvVC
(AvB)vC BvC

V-introduction:
AV B

veave T ENVE)

Remark 2.1.17. All the results from Section 2.1.1 proved in E-HA® or WE-HA” also hold for their

classical counterparts.
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The most obvious model of these systems is the set-theoretical: the objects of type 0 are the
natural numbers, and the objects of type p — 7 are all the set-theoretical functionals from objects of
type p to objects of type 7. There are other models; for example, it is possible to only allow sequen-
tially continuous functionals, or only majorizable functionals. For a discussion of several models, see
Section 3.6 of [29].

2.2 Godel’s dialectica interpretation

In this section, we give an overview of Gddel’s dialectica interpretation for intuitionistic arithmetical
formulas. It was first published as [22] in the dialectica journal, hence the name of the interpretation.

Here we follow Chapter 8 of [29].

Definition 2.2.1 (D-interpretation). The D-interpretation (also known as Gddel’s or dialectica inter-

pretation) associates to each formula A in the language of WE-HA® a formula AP of the form
AP =32 Vy Ap(z,y)

with the same free variables and in the same language as A. The (possibly empty) variable tuples «
and y and their types are uniquely determined by the logical structure of A. It is important that these
variables do not appear free in A. The formula Ap(x, y) is quantifier-free and without v. The definition
proper is given below. The sub-formulas inside square brackets are the formulas corresponding to

the Ap above.
o If Ais an atomic formula, AP := Ap := A

Given the interpretations A” = 3z Vy Ap(z,y) and BP = 3u Vv Bp(u,v):
e (ANB)P =3z, uVy,v[Ap(z,y) A Bp(u,v))
e (AvB)YP =32 z,uVy,v|[(z=0— Ap(x,y)) A (2 # 0 — Bp(u,v))]
e (A— B)?:=3U,Y Va,v[Ap(x,Yzv) = Bp(Uzx,v)]
o (32A(2))” =322 Vy[Ap(z,y,2)]
o (VzA(2)P :=3X V2,y[Ap(Xz,vy,2)]

Remark 2.2.2 (Trivial D-interpretations).

1. (AP)P = AP, and consequently (A0 B)P = (AP OBP)P, for0 € {A,V,—} and (Az A)P =
(AN x AP)P for A € {V,3}.

2. If Ay is a quantifier-free formula without v, then AY = A.

3. If A= Ax Ay with Ay a quantifier-free formula without v and A € {V, 3}, then AP = A.

16



From now on we assume that all quantifier-free formulas are without v, possible by Corollary 2.1.9,
which permits the use of Remark 2.2.2 without problems.

The dialectica interpretation is almost, but not quite, a way of formalizing the ideas of the Brouwer-
Heyting-Kolmogorov interpretation, described, for example, in Section 2.1 of [42]. Actual formaliza-
tions are Kleene’s realizability, introduced in [27], and Kreisel’'s modified realizability, introduced in
[33].

What distinguishes the D-interpretation is the treatment of implication. A motivation for its defini-
tion can be found in Section 8.1 of [29]. In the case of the realizability interpretations, realizers of an
implication don’t worry about occurrences of V in the premise. Since negation is in fact an implication,
this means that the weak existential quantifier —v— is not given a proper witness.

Gddel’s interpretation is much more demanding. All occurrences of some kind of existential quan-
tification, be it in the form of disjunction, universal quantification in a premise or actual strong existen-
tial quantification must be catalogued and withessed. A more thorough discussion of these topics can
be found in [31].

We make use of three principles, which are characteristic principles of the dialectica interpretation

(for reasons which will be made clear ahead), and we need their definitions:
Definition 2.2.3 (AC"). The schema of choice, AC“, is the union for all finite types p and  of:
AC”" :Va?f Jy" A(z,y) — IYP77 Var A(z,Y )
where A is any formula of the language of WE-HA”.
Definition 2.2.4 (M*). Markov’s principle, M“, is the union for all tuples of finite types p of:
MP . =V axP Ayg(x) — FzP —Ay(x)
where Ay is a quantifier-free formula of the language of WE-HA®.

Definition 2.2.5 (IP\/). The independence of premise schema for purely universal premises, IPy, is
the union for all finite types p of:

IPY : (V& Ag(z) — y” B(y)) — Ty’ (V& Ao(z) — B(y))
where Ay is a quantifier-free formula of the language of WE-HA®, and y is not free in Aj.

Theorem 2.2.6 (Soundness of the D-interpretation). Let A(a) be an arbitrary formula of the language
of WE-HA®, containing only a free, such that A(a)” = 3x Vy Ap(x, y,a). Furthermore, let Ay be a

collection of purely universal sentences in the same language. Suppose:
WE-HA®” + AC* + IPY + M“ + Ay + A(a)
Then there are closed terms ¢, which can be extracted from a proof of A(a), such that:

WE-HA" + Ay FVy Ap(ta,y,a)
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Idea of Proof. Induction on the proof of A. For each axiom possibly used in such a proof, we must
provide witnessing closed terms t for the existentially quantified variables of its D-interpretation. Sim-
ilarly, we must provide witnessing terms for the conclusions of each rule possibly used in the proof of
A, assuming by induction hypothesis that we already have access to such terms for the premises of
the rule.

This means that the full proof is very long, as there are a considerable number of axioms and
rules to take into account. It is however not terribly complicated. Most terms needed are simple
projections and the proof of Vy Ap(ta,y, a) usually ends with the very same axiom or rule which is
under consideration.

A notable exception is the axiom A — A A A. The first step to obtain (A — A A A)P is to find AP.
Each of the three instances of A should have different names for the bound variables, so that there
is no confusion. So let’s say that the free variables of A are in a, that A? = 3z Vy Ap(=x,y,a), and

use the pairs (u,v) and (z, w) for the other two instances. Then:
(A= ANAP =3U,Z,Y Va,v,w(Ap(z,Yzvw,a) — Ap(Ux,v,a) AN Ap(Zz,w,a)) (2.2.1)

Take ty : =tz := Aa,x.x, and:

v f-Ap(x,v,a)

ty ==\ s Ly Uy . .
Y @ ® 0 {w if Ap(x,v,a)

Notice that we can define ty as shown, because, as Ap(x,v,a) is a quantifier-free formula, by

Proposition 2.1.7 we know that there exists a closed term ¢ such that:
WE-HA® F tzva = 0 < Ap(x,v,a)

which means that checking whether Ap(x,v,a) holds is the same as checking whether tzva = 0.
The terms ty can then be defined with the help of Proposition 2.1.15.
We now need to show that replacing in (2.2.1) the existentially quantified U, Z and Y by their
respective terms followed by a produces a provable formula, namely:
V.’IJ, v, T (AD(ma v, a) - AD(:Bv v, a) A AD(ma r, a’)) if _‘AD(ma v, a)
Vm, v, T (AD(ma r, a) — AD(ma v, a) A AD (ma r, CL)) if AD (wa v, a)
But it is clear that in both cases the formulas are provable in WE-HA®, so we are done.
The full proof can be found in Section 8.2 of [29]. O

The aforementioned principles (AC*, M“ and IP{)) are said to be characteristic principles of the
dialectica interpretation because they are not needed to prove their own D-interpretations. In fact, the

interpretations of these three principles are instances of A — A.

Theorem 2.2.7 (Program extraction by the D-interpretation). LetVax 3y Ay(x, y) be a sentence in the
language of WE-HA”, with Ay quantifier-free. Furthermore, let Ay be a collection of purely universal

formulas. Suppose:
WE-HA® + AC” + M¥ + IPy + Ay - Va Jy Ag(z,y)
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Then there are closed terms t such that:
WE-HA® + Ay F V& Ay (x, tx)
Proof. Direct consequence of Theorem 2.2.6, taking into account that:
(Vo 3y Ao(z, )P =3Y Va Ag(x, Yx)
O

When in the presence of these characteristic principles, we can prove the equivalence between a

formula and its dialectica interpretation:

Theorem 2.2.8 (Characterization theorem for the D-interpretation). For all formulas A in the language
of WE-HA":
WE-HA® + ACY + M“ 4+ IPY - A +» AP

Proof. Induction on the logical structure of A. In each case, the implication A” — A is straightforward.
For A — AP, the only cases which are not intuitionistic truths are those of universal quantification
and implication. For the first, the axiom of choice is needed. For the second, we make use of all three
principles. O

2.3 Shoenfield’s interpretation

Shoenfield’s interpretation, or S-interpretation, was proposed by Shoenfield in Section 8.3 of his
book [38]. It is an interpretation of WE-PA“ in WE-HA®, as opposed to Gddel’s, which only interprets
WE-HAY in itself.

Definition 2.3.1 (The S-interpretation). The S-interpretation (also known as Shoenfield’s interpreta-

tion) associates to each formula A in the language of WE-PA“ a formula A° of the form
AS =V Iy Ag(z,y)

with the same free variables and in the same language as A. The (possibly empty) variable tuples
x and y and their types are uniquely determined by the logical structure of A. It is important that
these variables do not appear free in A. The formula As(x,y) is quantifier-free. The definition proper
is given below. The sub-formulas inside square brackets are the formulas corresponding to the Ag

above.
e If Ais an atomic formula, A° := Ag:= A

Given the interpretations A° =V 3y Ag(z,y) and B® =Vu Jv Bs(u,v):
o (-A)° :=VY Jzx[-As(x, Y )]
e (AVB)® :=Vx,uIy,v[As(z,y) V Bs(u,v)]

o (V2A(2)% :=Vz,z 3ylAs(z,y,2))
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Lemma 2.3.2 (S-interpretation of some formulas).

Let Ay be a quantifier-free formula. Then:
o A5 = A
o (VzA)) =VzA
Taking A° =Vz 3y As(z,y) and B® = Vu 3v Bs(u,v), WE-PA® proves:
e (A5 B)S VY, u 3z, v[As(x,Y) = Bs(u,v)]
e (ANB)S VX, U3Y,V[As(XYV,Y(XYV))ABs(UYV,V(UYV))]
e (FzA(2)5 & VX 32 Y [Ag(X2Y,Y(X2Y), 2)]
The S-interpretation of A looks unnecessarily complicated. After all it seems like
(AAB)S =V, u 3y,v[As(z,y) A Bs(u,v)]

would have been possible and certainly more straightforward. This is in fact true, as shown in Section
4 of [41].

Definition 2.3.3 (QF-AC”). The quantifier-free schema of choice, QF-AC”, is the restriction of AC*

to quantifier-free formulas. So it is the union for all finite types p, T of:
QF-ACP™ :Vaf Jy™ Ag(z,y) — IYP7T VP Ag(z, Y )
where p — 7 is an abuse of notation which should be read as
PlL = = Pp =Tl evy P1L—> " —> Pk —> T
forp=p1,...,prand T =1,..., 7, and Ay is a quantifier-free formula of the language of WE-PA®.

We need to define QF-AC” for tuples of variables, because, contrary to what happens with AC*,
it would not possible to apply QF-AC* to a formula several times in a row to make up for the lack of

tuples in the definition (not all the subformulas would be quantifier-free).

Theorem 2.3.4 (Soundness of the S-interpretation). Let A(a) be an arbitrary formula of the language
of WE-PA®, containing only a free, such that A(a)® = V& 3y As(x,y,a). Furthermore, let Ay be a

collection of purely universal sentences in the same language. Suppose:
WE-PA“ + QF-AC” + Ay + A(a)

Then there are closed terms ¢, which can be extracted from a proof of A(a), such that:
WE-HA® + Ay FVa Ag(z, taz, a)

Shoenfield gives a proof of a similar result to this in Section 8.3 of his book [38]. Gaspar presents
a full direct proof in Section 5.1 of [17], but he uses intensional instead of weakly-extensional equality.

The treatment of the quantifier-free extensionality rule (QF-ER) is therefore missing. But it uses the
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same idea as in the soundness of the dialectica interpretation. Finally, by observing that Shoenfield’s
interpretation can be factored in Krivine’s negative translation and Gddel’s dialectica, as shown in
[41], the soundness of the S-interpretation is also a consequence of the soundness of these two

interpretations. More details can be found in Chapter 10 of [29].
Corollary 2.3.5 (Relative consistency). WE-PA® is consistent relative to WE-HA®.
Proof. Consequence of Theorem 2.3.4 when applied to L, since 1= L. O

Theorem 2.3.6 (Program extraction by the S-interpretation). Let Vx 3y Ag(x,y) be a sentence in the
language of WE-PA®, with A, quantifier-free. Furthermore, let Ay be a collection of purely universal
formulas. Suppose:

WE-PA” + QF-AC* + Ay +Vx 3y Ao(z,y)

Then there is a closed term ¢ such that:
WE-HA® + Ay FVz Ag(z, tx)
Proof. Consequence of Theorem 2.3.4, taking into account that:
(Va Iy Ag(z,y))° =V Jy-—Ao(z,y)
and that quantifier-free formulas are decidable in WE-HA® (Corollary 2.1.8). O

Theorem 2.3.7 (Characterization theorem for the S-interpretation). For all formulas A of the language
of WE-PA*:
WE-PA” + QF-AC” A «» A®

Proof. By induction on the logical structure of A. The only step that needs QF-AC® is the step for the

negation. The full proof can be found in Section 5.1 of [17]. O
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It can be seen by compactness arguments that there are nonstandard models of arithmetic, i.e.,
models not isomorphic to the natural numbers (Section 12.3 of [4]; see also Chapter 25 of the same
book). It turns out that working in a nonstandard setting is a great way of formalizing reasoning about
infinitesimals and infinitely big numbers.

Nonstandard analysis was popularized by Abraham Robinson [37]. After him, several people
presented nonstandardness in different ways. Particularly relevant for us is the work of Nelson, who
developed an axiomatization of nonstandard analysis named Internal Set Theory (IST) [35]. IST is
Zermelo-Fraenkel set theory with choice (ZFC), plus a new predicate “st” for “being standard”, and
three new axioms: idealization, standardization and transfer. Nelson proved that IST is conservative
over ZFC: any internal formula (not containing “st”) provable in IST is already provable in ZFC.

It was noted by Benno van den Berg, Eyvind Briseid and Pavol Safarik [2] that the algorithm pre-
sented by Nelson in [36] to show the conservativity of IST over ZFC is remarkably similar to Shoen-
field’s functional interpretation [38]. From this observation, Van den Berg et al. developed a functional
interpretation for nonstandard Heyting arithmetic, named the Dg-interpretation [2]. They worked in
E-HAg", a formal system with higher types.

Our goal for Section 3.1 is to present the system E-HAZ", as well as its classical variant, E-PAg",
introduced in [2]. These systems are E-HA” and E-PA“, extended with a new type construction, the
star type, and with a new predicate, the “st” predicate, in the spirit of Nelson’s IST.

In Section 3.2, we describe some principles common in nonstandard settings, which will appear in
the ensuing sections in prominent ways.

Section 3.3 is dedicated to the Hg-interpretation, a functional interpretation for nonstandard Hey-
ting arithmetic (E-HAg") similar to the Dg-interpretation of Van den Berg et al. In Section 3.4 we
present the Sg-interpretation of Dinis and Ferreira [10], which can be thought of as the H-interpreta-
tion’s classical counterpart.

Finally, Section 3.5 is dedicated to the principle of countable saturation. We present the work of
Van den Berg et al. [3], who showed that this principle is weak intuitionistically, but when added to a

classical setting, the ensemble interprets full second-order arithmetic.

3.1 Systems for Heyting and Peano nonstandard arithmetic
3.1.1 Heyting and Peano arithmetic with the star type, E-HA** and E-PA**

We want to extend the terms of E-HA® and E-PA® to include finite sequences. Actually, what we
really want is to represent finite sets, but finite sequences are simpler and enough for our purposes.
There is a new type to represent these finite sequences: the star type. We extend Definition 2.1.1

(Finite types) to include it:
e If pis afinite type, then p* is a finite type.

The type p* should be thought of as representing the finite sequences of elements of type p. Note

that we have been talking about tuples of terms, and they should not be confused with sequences. A
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tuple ¢ is shorthand for the terms ¢}*, ..., t7*, each with possibly different types. A sequence z*" is a

specific term which semantically represents an ordered finite list of terms of type p: zf, ..., 2"

s
E-HA“* and E-PA“* share the same terms. The only difference between them is that E-HA“" is

based on intuitionistic logic, while E-PA“* is based on classical logic.

Terms

In addiction to the terms of E-HA“ and E-PA®“ described in Section 2.1.1, E-HA“* and E-PA“* also

have terms to deal with the sequences:
o {}, of type p*, for all types p (empty sequence);
e prep,, of type p — p* — p*, for all types p (prepend an element to a sequence);
o (L)op=(L1)op,---;(Lk)s,p Where p=pq,...,p, and each L; has type:
of = pr === (O pr o) == (0= L = PR PR) P
for all types o, p (simultaneous list recursors);

o II, -, X5 ,, and (R), Where the types p, 7, and o vary over all the types, including the new
ones.

We slightly changed the notation from what is presented in [2], in order to be more consistent with

the notation of [10], which we adopt.

Formulas

The same formulas as E-HA® (respectively E-PA*), with terms in the language of E-HA“™ (respec-
tively E-PA“™).

Equality
Following [2], we take equality as primitive in all types. The axioms are the following:
Reflexivity: » =, =
Symmetry: x =,y > y=,x
Transitivity: =, yAy=,2 =2 =,2
Left congruence: = =, y — fo =, fy

Right congruence: f =, g < Va (fzr =; gx)
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Axioms and rules

¢ Logical axioms and rules of E-HA” (respectively E-PA“) accounting for the new formulas avail-

able (since there are new terms);
e Axioms for II, 3 and R accounting for the new types available;

e List recursor axioms: let p = p1,...,p, be any tuple of types. Let 27, s, y = y1,...,y; With
each y; of type p;, and z := z1, ..., zx with each z; oftype o — p1 — -+ — pr — p; be variables.

The axioms are:

(Li)mp{}oyz =p; Yi _
forie {1,...,k}
(Li)U,p(prepa acs)yz =pi Zix(LU,pSyz)

We changed the order of the arguments of the z;’s, compared to what is done in [2]. This is to

simplify the construction of some terms ahead.
e Sequence axiom: Vs” (s = {}, V32, w"" s = prep, zw).
Useful Definitions and Results

Proposition 3.1.1 (Equal terms are interchangeable in E-HA**). For every formula A of its language,
E-HA®* proves:
x=yANA(z) = Ay)

Proof. As in Proposition 2.1.3, this is done by induction on the logical structure of A. Even though

now equality is a primitive notion, the same proof holds. O

Proposition 3.1.2. E-HA“" is a definitional extension of E-HA“. Likewise, E-PA“* is a definitional

extension of E-PA%.

Proof. This follows from the fact that we can already talk about sequences in E-HA® (respectively in

E-PA") by making use of the terms available to code them, like is done in pages 58—60 of [29]. O

Our goal now is to define some useful notions to deal with terms of star type, such as what we
mean by the length of a sequence, an element of a sequence, and so on. We also define a preorder

over these terms.
Definition 3.1.3 (| - |,,, (-).,,). We define length and projection terms:
e Length: | - |, of type p* — 0, defined as:
|-, = As? L, 0s0(A2”,n° . Sn)
We write |t| instead of | - |¢. Using the axioms of L, we obtain:

=0
|prepas| = S|
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¢ Projection: (-). , of type p* — 0 — p, defined in appendix A. We write (s); instead of (-).si. We

need the following properties:

{})i=0
(prepzs)g =«
(prep xs)(siy = (5);
Definition 3.1.4 (). If z*, s*" are terms:
r€,s:=3i" <o |s| z=(s);

where < is definable already in WE-HA® such that it has the expected properties (see Section 3.5 of

[29] for more details).
Lemma 3.1.5 (Induction schema for sequences).
E-HAY F o({},) AV a?, 57 (p(s) = p(prepas)) — Vs” o(s)

Proof. One first shows using the sequence axiom that:

1. Vs (Is|=0¢s={})

2. Vn®, s (|s] = Sn > JaP, w"" (s = prep, zw A Jw| = n))
This effectively reduces sequence induction to ordinary induction, by considering the statement:

V', s (|s| = n = o(s))
O

Definition 3.1.6 ({-},,U,, UP’T). We define terms that construct a singleton sequence, the union of

two sequences and the indexed union of several sequences.
¢ Singleton: {-}, of type p — p*, defined as:
{}p:=Aa". prep,z{},
We write {z} instead of {-}z.
e Union: U, of type p* — p* — p*, defined as:
Up i= AP uf . L, -tuprep,
We write t U u instead of Utu. Using the axioms of L, we obtain:

{JUu=u

(prepat’) Uu = prep z(t' Uw)
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e Indexed union: |J, , of type (p — 7) — p* — 77, defined as:

*

Uy, = A7 7 Lt} (Nays. (fa) Us))

We write J,, ., fz instead of | J ft. Using the axioms of L, we obtain:

Ueeqy fz =1}
Ume(prepat’) fl‘ - (fa’) U Uwet’ fa

Following the spirit of [10], we use the following three properties of the just defined terms to prove

the soundness theorems of the functional interpretations ahead (Theorems 3.3.9 and 3.4.5). Notice,

however, that since we have access to full arithmetic, we define the terms differently, making use of

the list recursors.

Lemma 3.1.7. E-HA”" proves:

1. z € {z}
2. x€tVreu—zretUu

. yctnze fy—ze Uy fr

Proof.
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1. We need to show:

i<z} == ({z})i

Since |{z}| =1 and ({«})o = z, taking ¢ := 0 suffices.

2. We need to show:

Fi<l|t| 2=®)) V@) <|ul z=();)— Tk<[tUul 2= (tUu)y)

First notice that |t U u| = [t| + |u|, which can be shown using induction over the sequence ¢.
Then check that Vi < [t| (t); = (tUw);, and that Vj < |u| (u); = (t Uu))y4;, both by sequence

induction over ¢t. With this in mind, the result is trivial.

. We need to show:

Fi<tl y=®) NG5 <Ifyl 2= (fv);) = Ok <[Upee f2l 2= (Uaer f2)r)

First notice that | U,.¢, fz| = 3=, | f(t):], which can be seen by sequence induction on ¢. Given
i, as in the assumption, take k := >, _, [ f(¢):|+j. This works, which can be seen by sequence

induction on ¢.

It is possible to define a preorder on the star typed terms:



Definition 3.1.8 (C.). Given terms ¢, u of type 7*:
tCru=vVi<|t] 37 <ul ()i = (u);
Remark 3.1.9. The relation C is both reflexive and transitive.

Notice that the order of the elements in the sequences ¢ and u is not relevant to determine whether
t C u. This is in accordance with the fact that we are thinking of terms of star type as stand ins for
sets.

We can obtain as corollary from Lemma 3.1.7 a similar result for sequences:
Lemma 3.1.10. E-HA“” proves:

1.2€tANtCt —zet

2. 2CtVeCu—xCtUu

B.yctnzC fy—2C U, fo

This concludes everything we need for terms of star type. However, there is another class of terms

in which we are interested: the terms of end-star type.

Remark 3.1.11. Remark 2.1.2 no longer holds with the star types. Now it is also possible for a term

tohavetype p=p1 — - = pp — 7~

Definition 3.1.12 (End-star types). If p = py — -+ = pr — 7%, for some natural number k& > 0 and

types p1, - .., px, 7, We say that p is an end-star type.

We are going to need a preorder between terms of end-star type. The following is an idea due to

Fernando Ferreira, which works for our interpretation in a very elegant way.

Definition 3.1.13 (C, ;). Given a tuple of types p = pi,...,pr and terms f, g of end-star type
pL—> = pp— T

fCprg=Var fzC, gz
In the case where p is the empty tuple, T, - reduces to C..
Remark 3.1.14. The relation C is both reflexive and transitive.

Since we are going to work a lot with terms of end-star type, we define constants akin to U and |

(Definition 3.1.6) in order to concatenate terms of this special kind of type.

Definition 3.1.15 (U, -, | | ). We define terms akin to U and |, only for inputs of end-star type

a,p,T

instead of star type.

o U, oftype(p1 = = ppr = 7)== (p1 == pp =7 = (p1 = - — pp = 7F), defined
as:

Upr = A1 080T ymioeooes ™ (X gf (1) U (uz))

P

We write t Ll v instead of Utu.
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o |_|a,p,T oftype (¢ = p1 = -+ = ppr = 7°) = 0¥ = (p1 = -+ — p — 77), defined as:
|—|a,p,7 = )\fJ*}Pl*}-..*}pk*}fr*,tg* ' ()\ yp . Uma fJ‘y)
We write | |, ., fx instead of | | fz.

Using Lemma 3.1.10, it is easy to check that the following properties of Ll and | | hold. We will use

them in the proof of the soundness theorem of the Hg-interpretation, Theorem 3.3.9.
Lemma 3.1.16. E-HA“" proves:

1.2CtVeCu—aCtUu

2. yetNzE fy—2zC ], f2

Definition 3.1.17 (Monotonicity). If = is of end-star type, we say that the formula A(x) is monotone
(or upward closed) in z if:
Vy(z EynAlz) = Ay))

Definition 3.1.18 (O*). Taking into account Remark 3.1.11, we need to define (closed) terms O°

where p is an end-star type:
OPL R Nt et {07}

Remark 3.1.19. All the results proved in E-HA®* during this section also hold in E-PA“™.

3.1.2 Heyting and Peano nonstandard arithmetic, E-HA;; and E-PA,/

Now it is time to introduce systems to deal with nonstandardness: E-HAg;" and E-PAg". These will
be extensions of E-HA“* and E-PA“”, respectively. The terms remain the same, but we add some

new formulas.

Formulas

e All formulas of the language of E-HA“" are formulas of E-HAg" and all the formulas of the

w*

language of E-PA“* are formulas of E-PAg";
o If t7 is aterm, st, t is an atomic formula;
e For E-HAZ": if 27 is a variable and A is a formula, V' ¥ A and 3%t z* A are formulas.

e For E-PAg": VS A(x) is defined as shorthand for vV z (—~ stz Vv A(z)), and 3%z A(x) as shorthand
for =Vaz (—-stz Vv -A(x)).

Definition 3.1.20 (Internal and external formulas). An internal formula is a formula in the language
of E-HA“™ (or E-PA“"), i.e., without any st, V' = or 3%t z. An external formula is a formula which is not

internal.

We adopt an important convention, the same as Nelson in [36] and Van den Berg et al. in [2, 3]:
from now on internal formulas are represented by lower-case Greek letters. Upper-case Latin letters
represent formulas which can be external.

We say that formulas of the form Vst x (), with ¢ an internal formula, are v*t-formulas.
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Axioms and Rules

w*x

e All axioms and rules of E-HA*" or E-PA*" except induction, if considering E-HAg" or E-PAg",

respectively

External quantifiers (only for E-HA¢"):

V2 A(2) <> V2 (stz — A(2))
It A(2) +» Tz (stz A A(2))

Standardness axioms:

stzAz=w — stw
stt, t a closed term

stf Astz — st(fz2)

Internal induction:

((0) AV7° (a(n) = a(Sn))) — Vn® a(n)

External induction:

(A(0) AV RO (A(n) — A(Sn))) — V'n® A(n)
Useful definitions and results

Proposition 3.1.21 (Equal terms are interchangeable in E-HAg"). For every formula A of its language,
E-HAg" proves:
xr=yANA(z) = Aly)

Proof. By induction on the logical structure of A. The only steps needed to extend the proof of
Proposition 3.1.1 to E-HAZ™ are the cases where A is stt, Vs'z B(z), or 3%z B(z). In the case of stt,
we use the standardness axioms and the fact that + = y — r[z/z] = r[y/z] (proven by induction on
r). The steps for the external quantifiers are corollaries of the steps for the internal quantifiers and
stt. O

Remark 3.1.22. Theterms |- |, ()., {-}, U, U, U and | | are all standard, because they are all closed.
This means that if they are applied to standard terms, the result is still standard. Both these state-

ments are direct consequences of the standardness axioms.
Lemma 3.1.23. If n° is standard, all terms below n are also standard:
E-HAS Fston Am <n —stym
Proof. External induction on the formula A(n°) =V m° (m < n — stm). O
Lemma 3.1.24. Elements of a standard sequence are themselves standard:

E-HAS FstsAzes—str
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Proof. We recall that z € s = Ji < |s| = (s);. Assuming sts, it is clear by Remark 3.1.22 that |s|
is standard. Then by Lemma 3.1.23 we get sti. This is enough to show st (s);, which means, by the

first standardness axiom, that st . O
Remark 3.1.25. All the results proved in E-HAg" during this section also hold in E-PAg".

w*k

Definition 3.1.26 (Internalization). For every formula A of the language of E-HAS", we define its
internalization, A™, in the language of E-HA“*, as the formula obtained from A by replacing every

occurrence of stz by z = z, and every occurrence of ¥s! z and 3% z by V¥ z and 3 z, respectively.

w*

Similarly, the internalization of a formula in the language of E-PAg" is obtained by replacing all

instances of stz by z = z.

Proposition 3.1.27. E-HA" is a conservative extension of E-HA®". Likewise, E-PAg" is a conserva-

tive extension of E-PA“*.

Proof. It suffices to show that the internalization of the external axioms of E-HAg" (respectively

E-PAg") are provable in E-HA®™ (respectively in E-PA“*), which is straightforward. O

3.2 Nonstandard principles

We have defined a system, E-HAZ", which, despite being intended for nonstandard arithmetic,
still admits the standard model (Proposition 3.1.27). In other words, the existence of nonstandard

elements is never imposed. This changes when we start to consider nonstandard principles.
Definition 3.2.1 (OS"). The overspill principle, OS®“, is the union for all finite types p of:

0S” : Vo' o p(x) — Ja? (=stx A p(x))
where ¢ is any internal formula in the language of E-HAZ".
Proposition 3.2.2. The overspill principle implies the existence of nonstandard objects of any type.
Proof. Just take o(x) = (z = x) in OS", obtaining:

Jaf (—stx)

Definition 3.2.3 (I“). The idealization principle, I, is the union for all finite types p and 7 of:
1PT v 2P JuT Yz e 2 p(z,w) = Fw” V2P o(z,w)

where if p = p1,..., pi, then p* = p}, ..., p;, the expression Vz € 2’ isVz € 2] ---Vz, € 2, and ¢

is an internal formula in the language of E-HA**.
We wish to show that idealization implies overspill. For that, we need an auxiliary lemma:
Lemma 3.2.4. There is no standard sequence of type p* which holds every standard term of type p:

E-HAS" F VS 2" P vz e 2 (2 # w)
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Proof. By induction on the type p.

Let 2% be an arbitrary standard sequence. Since 2’ is standard, it has a standard finite number
of elements. Simply take w as the successor of the maximum element of z’. Then clearly w is

standard and w & 2’.

Let 2/(=7)" be an arbitrary standard sequence. By induction hypothesis:
VT 3T Ve (u# v) (3.2.1)

Take in (3.2.1) v’ := |, ., {07}, and let v be a standard term such that Vu € v’ (u # v). We
now prove that w := Az .vissuch thatVz € 2/ (2 # w). Let z € 2’ be arbitrary and suppose
z =,_» w. Then in particular zO? =, wO°. By definition of w, this means that 20 =, v. But

this is a contradiction, since z0° € v’ and v was chosen precisely so that v & «'.

*

p=0c

Let 2’°"" be an arbitrary standard sequence. By induction hypothesis:
Ve 7 3T Y e u! (u #v) (3.2.2)

Take in (3.2.2) u' := |J,,, z and let v be a standard term such that Vu € v’ (u # v). We now
prove that w := {v} is such thatVz € 2’ (z # w). Let z € 2’ be arbitrary and suppose z =,+ w.
By definition of w, this means z =,- {v}. But this is a contradiction, since on the one hand

z C ' by definition of «/, and on the other hand v ¢ «’ by hypothesis on v, which means that

{v} €.

O
Proposition 3.2.5. E-HAZ" + |“ - OS”.
Proof. We prove that we get OS" for a general internal formula + from 1 for the formula p(z,w) =
z # w Ay(w). Thatis, given:
VP JuwP Yz e 2 (24 wAY(w)) = Tw’ V2P (2 # w A h(w)) (3.2.3)
we show:
Vol p(z) — JaP (~sta A () (3.2.4)

Notice that the consequent of (3.2.3) implies the consequent of (3.2.4), so the only thing it remains to
guarantee is:
VSt P gp(x) — V2P JwP Yz € 2 (2 # w A p(w)) (8.2.5)

Assume the antecedent of (3.2.5) and let 2’ be standard but otherwise arbitrary. Take w standard
suchthatVvVz € 2/ (z # w), as given by Lemma 3.2.4. Then it only remains to show «(w). But since
w is standard, this is a consequence of the assumption Vs z ¢ ().

O
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The realization principle, so named in [2], is the contrapositive of the idealization principle. Hence

in a classical context it is a consequence of 1“.

Definition 3.2.6 (R*). The realization principle, R“, is the union for all finite types p and 7 of:
ROV’ 327 p(z,w) — I Vu Iz €2 o(z,w)
where ¢ is any internal formula in the language of E-PA“".

Lemma 3.2.7 (R“ for monotone formulas). If z is of end-star type and ¢(z,w) is monotone on = (for

any w), then R* reduces to:
Y 327 p(z,w) = 32" Y o(z,w)
Proof. It is enough to show:
B VP Iz e 2 oz, w) = I YVl o(z,w)

After fixing 2’ in the antecedent, take in the consequent z :=| | .., v. This is a standard term (remem-

vEZ

bering that 2’ is standard itself) and does the job. O

When we are in an intuitionistic context, the realization principle R” will not be enough. We need

a version for external formulas:

Definition 3.2.8 (NCR™). The non-classical realization principle, NCR“, is the union for all finite types

p, T of:
NCR"7 : Ywf 327 A(z,w) — 27 Ywr Iz € 2 A(z,w)

where A is any formula in the language of E-HAS™.

Lemma 3.2.9 (NCR® for monotone formulas). If z if of end-star type and A(z,w) is monotone on z

(for any w), then NCR® reduces to:
Y 32" A(z,w) — I 27 YV Az, w)
Proof. Same as Lemma 3.2.7. O

The non-classical realization principle owes its name to the fact that, when added to E-HAS™, it

entails the undecidability of the standardness predicate, as is shown by Proposition 3.5 of [2].

w

Definition 3.2.10 (LLPOg,). The lesser limited principle of omniscience, LLPOg, is the union for all

types p and 7 of:
LLPOS™ : VSt 27" '™ (Vz € 2/ @(2) VVw € w' ¢(w)) = V2P o(2) V V' w™ 4(w)
where ¢, 1 are any internal formulas of the language of E-HA“*.

The proof of the next lemma uses an idea of [11] (where LLPOg; in their context is the bounded

universal disjunction principle, BUD®).
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Lemma 3.2.11. E-HAS® + I - LLPOZ.

Proof. Assume:
VU T (Ve e 2 o(z) VYW e w h(w)) (3.2.6)

It is easy to check that (3.2.6) implies:
VU w' 3nl (n=00 = Vzez o)A+ 0—=Ywecw phw)))
which, after some manipulation, gives us:
VU w' An Yz e Ywew ((n=¢0— p(2) A #00—p(w))) (3.2.7)
Applying I”7° to (3.2.7), we obtain:
In ¥z w ((n =0 0 = ¢(2)) A (n #0 0 = 9(w)))

Since, as seen in Lemma 2.1.5, equality of type 0 is decidable in WE-HA®, and by extension in
E-HAZ™, we know that either n =, 0 or n # 0. In the first case we are able to prove V*' z ¢(z), and in

the second we prove V*' w v (w). Hence we obtain the desired formula:
Vo2 o(2) vV w i (w)
O

These are all the nonstandard principles we will need. For more details about them, and for other

w*k

nonstandard principles in the context of E-HAg;", see Section 3 of [2].

3.3 The Hg-interpretation

We now introduce an adaptation of Gddel’'s dialectica interpretation for nonstandard arithmetic:
the herbrandised functional interpretation, or Hg-interpretation. It is heavily based in Van den Berg,
Briseid, and Safarik’s Dg-interpretation introduced in Section 5 of [2]. The main difference is in the
treatment of the existentially quantified variables: while Van den Berg et al. require these variables to
be of star type, here we just require them to be of end-star type.

There is another small difference: here we change the clause for the disjunction. We do this in
order to be able to do the verification of the soundness theorem intuitionistically. In [2], the step for
the expansion rule of the proof of the soundness theorem for the Dg-interpretation, though classically
true, does not seem to hold in E-HA®*. This was pointed out by Fernando Ferreira, after wondering
about the dissimilarity between the disjunction clauses of the Dg-interpretation, and the bounded

functional interpretation [16], when the other clauses are so strikingly similar.

Definition 3.3.1 (Hg-interpretation). The Hg-interpretation associates to each formula A of E-HAg"
a formula A™s of the form:
Al = Fa ¥y ap, (2,y)
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with the same free variables and in the same language as A. The (possibly empty) variable tuples «
and y and their types are uniquely determined by the logical structure of A. It is important that these
variables do not appear free in A. Furthermore, a g, is an internal formula.

The definition proper is given below. The sub-formulas inside square brackets are the internal

formulas corresponding to the ay,, above.
e afls .= ay, = o for internal atomic formulas o
o (stz)fst:=3 [z € 2]
Given the interpretations Ast = Itz V' y ay, (z,y) and B = Ity vt v By, (u, v):
o (AANB)Hs =Ptz u VS'y, v oy, (z,y) A Bu, (u,v))
o (AvB)Hs .= Flg u Vs'y' v Vy €y’ ap,(z,y)VVv v Bu,(u,v)]
o (A= B)is .= U )Y YWz, v[Vy € Yav ay,(z,y) — Bu,([Uzx,v)]
o (VzA(2)Hs .= Fe Wy [Vzay,(z,y,2)]
o (FzA()Hs :=Ftg Vly' [F2Vy €y ap,(z,y,2))
o (VlzA(2)Hst .= 3 X V2, yap, (X 2,9, 2)]
o (2 A(2))Het .=, 2 Vly' [F2z €2 Vyey ap,(z,vy,2)]

It is worth mentioning that, since it is possible to write ¥ and 3 from other logical constants, it
would not have been necessary to define their interpretations. However, the definitions here presented
are equivalent to the interpretations of the equivalent formulas.

Notice that, due to the clause for 3%, the Hg-interpretation is not idempotent.

Lemma 3.3.2 (Trivial Hg-interpretations).

For an internal formula ¢:

1. pfs =

¥
2. (VS'zp(2))Hs =V 2 p(2)
Proof. Just use the definition of the Hg-interpretation. O

Proposition 3.3.3. Let A be an arbitrary formula of the language of E-HAg" such that
Al = g Sty o (x, y)
Then x are of end-star type and, for fixed arbitrary y, a(, y) is monotone on .

Proof. It is simple to check that « is of end-star type, by induction on the logical structure of A and
the definition of the Hg-interpretation.
To see that « is monotone on «, another simple induction is needed. We only show two steps, to

illustrate.
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(stz)Hs =3 (2 € 2)
Let 2" D 2’ be arbitrary. We need to show:

2€ZNTCY 5 ze
which is clear from Lemma 3.1.10.

A— B
(A— B =3U,Y V'2,v(Vy € Yzv ag,(z,y) = B, (Uzx,v))

LetU’ JU,Y’ 3Y be arbitrary. Fix  and v. We need to show:
Vy € Yav ag,(z,y) = Bu,(Uzx,v)) - Vy € Y'zv ay,(z,y) = Bu,(U'z,v))
So assume both antecedents:

VyeYazv ag,(z,y) = Bu,(Ux,v) (3.3.1)

VyeY'zv ay,(z,y) (3.3.2)

From the definition of Y C Y, it is clear that Yzv C Y’zwv. Then (3.3.2) is stronger than
the antecedent of (3.3.1), which gives us 8y, (Ux,v). Since Uz C U’z, we can conclude

B, (U’'x,v) by monotonicity of Sy, .

We proceed to describe some of the characteristic principles of the Hg-interpretation.
Definition 3.3.4 (HAC*). The herbrandised schema of choice, HAC®, is the union for all types p, 7 of:
HAC”™ : V8 2 It w™ Az, w) — WP v 22 Juw e W'z A(z,w)
where A is any formula in the language of E-HAZ".

Lemma 3.3.5 (HAC” for monotone formulas). If w is of end-star type and A(z,w) is monotone on w

(for any z), then HAC® reduces to:
Vo 2P I Az, w) — FWPTT V2P A2, W2)
Proof. It is enough to show:
P =T S e Juw e Wz Az, w) — FWPT V2P A(2, W2)

After fixing TV’ as in the antecedent, take in the consequent W := Xz. | |, .y, v. This is a standard

term (remembering that W’ is standard itself) and does the job. O

Definition 3.3.6 (HGMPg;). The herbrandised generalized Markov’s principle, HGMPg, is the union
for all types p of:
HGMPZ, : (VS 2 p(2) = ) — I 2P (Vz ez oz) =)

where ¢, 1 are internal formulas in the language of E-HA“*.
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Definition 3.3.7 (HIP%). The herbrandised independence of premise for v*!-formulas schema, HIPY.,

is the union for all types p, 7 of:

HIPY, - (VS 2 p(2) = '™ A(w)) — I w'™ (V' 2P p(2) = Jw € w' A(w))

Lemma 3.3.8 (HIP;. for monotone formulas). If w is of end-star type and A(w) is monotone on w,

then HIP reduces to:
(V27 p(2) = I w™ A(w)) = Fw” (V27 p(2) = Aw))
Proof. It is enough to show:
I ™ (V2P o(2) - TJw e w' A(w)) = Fw” (V2P p(z) = A(w))

After fixing w’ as in the antecedent, take in the consequent w := | |, v. This is a standard term

(remembering that w’ is standard itself) and does the job. O

Theorem 3.3.9 (Soundness of the Hg-interpretation). Let A be an arbitrary formula of the language
of E-HA", possibly with free variables, such that Afst = 38tz Sty a(x, y). Furthermore, let Ay« be
a collection of v*!-formulas, and AL'); their internalizations. Suppose:

E-HAS" + 1” + NCR* + HAC® + HGMPg; + HIPY« + Ayt - A
Then there are closed terms ¢, which can be extracted from a proof of A, such that:
E-HAY* + A - Vy a(t,y)

Proof. The proof follows by induction on the derivation of A. Throughout this proof we discard the
tuple notation for simplicity. It should be evident from the context which variables are in fact tuples of

variables. Furthermore, we fix:

AHst = 38 g Sty oz, )

B =3%p ¥ qB(p,q)

CHst = 3% 5 VS y(z, w)
and also use these formulas with different names for the bound variables.
(A= ANA)H=F'U R Y Vo, v,s(Vy € Yavs az,y) = a(Uz,v) A aRz, s))
Take ty :=tg = Az.zand ty := Az,v,s.{v} U{s}. We need to show:
Va,v,8(Vy € {v,s} a(z,y) = a(z,v) Aa(z,s))

which is clear.

Note that this step was much more straightforward here than in the case of the D-interpretation
(Theorem 2.2.6). This is a clear example of how useful it is to allow finite sequences of possible

witnesses, instead of requiring a single, specific witness.
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(AVA = A =R Y V' V' u,s(

Vy € Y'zus Vo' € V'izus (Vy €y a(z,y) VVv ev a(u,v)) = a(Rru,s))
Take ty: =ty := Az,u,s. {{s}} and tg := Az, u. 2z Uu. We need to show:
Va,u,s (Vy' € {{s}} Vo' €{{s}} Vyey alz,y)VVver aluv))— alzUu,s))
Let z, u, s be arbitrary, and assume the antecedent. With ¢/ := v' := {s} we get:
Vy e {s} alz,y)vVVve{s} a(u,v)

Assume the first case (the second one is analogous). Then clearly a(z, s), and so by Lemma

3.1.16.1 and the monotonicity of «, we get a(z U u, s), as desired.
(ANB = AT =39 R, Y,Q V¥ a,p,s(Vy € Yaps Vg€ Qups (a(z,y) A B(p,q)) = a(Rap,s))
Take ty == Az, p,s.{s}, tg :=Az,p,s.Oand tg := Az,p.z. We need to show:

Va,p,s(Vy €{s} Vqe O (a(z,y)AB(p,q) = oz, s))

Let z, p, s be arbitrary and assume the antecedent. Take y := s and any ¢ € O. We conclude

a(z, s), as was our goal.

(A= Av Bt =3y P Y Vo, ¢ (

VyeYaz'q a(z,y) »Vverv a(Uz,v)VVqeqd B(Px,q))
Take ty := Az,v',¢ . v/, ty := Az.xand tp := Az. 0. We need to show:
Va,v',¢d Vy ev' a(z,y) = Vver az,v)VVqeqd B(O,q))

Let z,v’, ¢’ be arbitrary. The resulting formula is an instance of the weakening axiom under

consideration, after renaming of a bound variable.

|[ANB = BAA]

(ANB—=BAA)T* =R U, Y,Q V', p,s,v(

Vy € Yapsv Vq € Qupsv (afx,y) AB(p,q)) = (B(Rxp,s) A a(Uzp,v)))

Take:

tr:=Ax,p.p ty :=/\$,p,8’v~{v}

ty == Az,p.x tg == Ax,p,s,v.{s}
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We need to show:

Va,p,s,v(Vy € {v} Yge {s} (a(z,y)ABp,q) — (B(p,s) Aa(z,v))) (3.3.3)

Let z, p, s, v be arbitrary, and assume the antecedent of (3.3.3). Let y := v and ¢ := s. Then we

have a(z,v) A B(p, s). The result follows from the symmetry axiom for A.

|[AVB = BV A]

(AVB = BVA)T* =R U Y Q V'z,p,s v (
Vy' € Y'aps'v' Vq' € Qupsv' (Vyey' a(z,y)vVVqedqd Blp,q)
%
(Vs e s B(Rxp,s)VVver alxp,v)))
Take:
tr:=Az,p.p ty: == Ax,p, s, v . {v'}
ty == Ax,p.x to = Az,p, s, v {s'}
We need to show:
Va,p, s, v (Vy € {v'} V¢ €{s'} Vyey alr,y)VVqeqd Bp,q))
%

(Vses B(p,s)vVVver a(z,v)))
Let z,p,s’,v' be arbitrary, and assume the antecedent. Take 3’ := ¢+’ and ¢’ := ¢’ in said
antecedent. Now we have as assumption:
Vye alz,y)VVqges B(p,q)

and need to show:
Vses B(p,s)VVver a(zv)

The result follows by the symmetry axiom for v, after renaming of bound variables.

1= A
(L— A = 3y vty (L af(z,y))

Take t, := 0. We need to show:
Vy (L= a(0,y))

Let y be arbitrary. The resulting formula is an instance of the ex falso quodlibet axiom.
VzA— Alt/z]
For simplicity we write A(z) and A(t) instead of A and At/ z], respectively. This does not mean,

however, that z is necessarily a free variable of A, even though the case where it isn’t is of little

interest.

(VzA(z) = A@)* = U Y Va0 (Vy € Yav Vza(r,y,z) = a(Uz,v,t))
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Take ty := Az.x and ty := Ax,v.{v}. We need to show:
Va,v(Vy € {v} Vza(z,y,z) = alz,v,t))

Let x, v be arbitrary and assume the antecedent. Then, with y := v, we getV z a(z, v, 2). Instan-
tiating = := ¢, we obtain «a(z, v, t), as desired.

Alt/z] »> 3z A

As before, we write A(t) and A(z) for A[t/z] and A, respectively.
(Alt/z] = 32z AP = U Y Va0 Yy e Yau afz,y,t) = IzVver a(Uz,v,z2))
Take ty := Axz.z and ty := Ax,v .v'. We need to show:
Vo, o' Yy ev alr,y,t) —IJzVoer alz,v,2))

Let z, v’ be arbitrary. The resulting formula is an instance of the axiom under consideration, after

renaming of a bound variable.

Modus ponens

A A— B
B

By induction hypothesis, we know closed terms ¢4, 2 and t3 such that:

Vyal(ty,y) (3.3.4)

Va,q(Vy € taxq alz,y) — B(tsz,q)) (3.3.5)

We want to find a closed term ¢, such that V ¢ 5(¢,, ¢). Take ¢, := tst;.

Let ¢ be arbitrary. Instantiate « := ¢; and ¢ := ¢ in (3.3.5). The goal is now to show the premise
of (3.3.5), which allows us to conclude S(tst1, q), as desired. Let y € tot;q be arbitrary. Then by
(3.3.4) with y := y, we get a(t1, y), which is precisely what was needed.

A—-B B-—C
A—=C

By induction hypothesis, we know closed terms ¢4, ¢, t3 and ¢4 such that:

Vr,q(Vy € tizq a(r,y) — B(tar,q)) (3.3.6)

Vp,w(¥q € tspw B(p,q) — v(tap, w)) (3.3.7)
We want to find closed terms ty and ¢z such that:
Vae,w(Vy € tyzw alz,y) — y(tzz,w)) (3.3.8)

Take ty := Az, w. Uvets(m)w
antecedent of (3.3.8):

tizvand tz := Az .t4(t2z). Let x, w be arbitrary and assume the

VY € Unets (taayw 1170 (,9) (3.3.9)
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From (3.3.7) with p := toz and w := w we get:
Vq € tz(tax)w B(tax,q) = y(ta(taz), w) (3.3.10)

which means that the goal now is to show the antecedent of (3.3.10). Let qp € t3(t2z)w be

arbitrary. From (3.3.6) with x := x and ¢ := g9 we get:

Vy € tizqo o(z,y) = B(t2x, o) (3.3.11)

so it only remains to show the antecedent of (3.3.11). Let yg € t12qo be arbitrary. Since ¢y €

t3(tax)w, it follows from Lemma 3.1.7.3 that yo € U tyzv. Then by (3.3.9) we are done.

vEL3(tox)w

| Exportation and Importation |

ANB — C A—B—C
A— B—=C ANB —=C

(AAB — O)Hst
© FZY,Q Ve, pw(Vy € Yapw alz,y) AVq € Qupw B(p,q) = v(Zap, w))

(A— B — O)fs =
=FZ.Q,Y V', p,w(Vy € Yopw a(z,y) = Yq e Qrpw B(p,q) — v(Zxp,w))

For both the exportation and importation rules, the terms we get as induction hypothesis from

the premise of the rule do the job for the conclusion.

Expansion

A— B
CVA—CVB

By induction hypothesis, we have closed terms ¢; and ¢, such that:
Ve,q(Vy € tizq a(z,y) = B(t2x,q)) (3.3.12)
We want to find closed terms tr, tp, t+ and ty+ such that:
Vz,2,9 ¢ (Vw' €twizag'q Vy €tyzegqd Vwew v(z,w)VVy ey alz,y))
—
Vgeg y(trzx,g)VVqeq Bltrzz,q)
Take:
tpi=Az,z.2 tw = Az,2,9,¢ . {g'}
tp = \z,T .t ty: ::/\z,x,g’,q'.{quq, tixq}
We need to show:

Vz,2,9'.¢' (Vw' € {g'} VY € {Ueqp tizad (Vwew v(z,w) VVy €y a(z,y))

%

Vgeg v(z9)VVqedq B(tazx,q))



Let z,z, ¢, ¢’ be arbitrary and assume the antecedent. Take w’ := ¢’ and ¢’ := quq, t1zq. There
are two cases to consider: if Vw € ¢’ v(z,w), we are done; if not, then we get:
Vy € Uyey t1rg alz,y) (3.3.13)

Let g € ¢’ be arbitrary. We need to show S(t2z, ¢). This is a consequence of (3.3.12) with 2 := «

and g := ¢, as long as we can prove the antecedent Vy € t1zq «a(z,y). But by Lemma 3.1.10.3,

tizq C U, e, t17q, SO by (3.3.13) we are done.

V-introduction

B— A
B—oVzA’

By induction hypothesis, we have closed terms ¢; and ¢, such that:

2 ¢ (B)

Vp,y (Vq e tipy B(p,q) — a(tap,y))

We want to find closed terms tg and ¢x such that:

Vp,y (Vq € topy B(p.q) = Vza(txp.y))

(3.3.14)

Take tg := t1 and tx := to. By (3.3.14) and the V-introduction rule (z cannot be free in V¢ €

t1py B(p,q) because t; is closed) it is easy to see that these work.

J-introduction

A— B
J2A— B’

By induction hypothesis there are closed terms t¢; and ¢, such that:

2 ¢ (B)

Va,q(Vy € tizq alz,y,z) — B(taz, q))

We want to find closed terms ¢y and ¢p such that:

Vao,q(Vy €tyzq F32Vyey alz,y z) = Btpz,q))
Take ty: := Az, q.{t1zq} and tp := t5. We need to show:

Va,q(Vy € {tizq} I2Vyey alx,y,z) = B(tax,q))
Notice that to show (3.3.16), it is enough to show:

Va,q 3y € {tizq} 32Vyey alx,y,z) — B(tar,q))
Taking z, q as arbitrary and ¢ := ¢12q in (3.3.17), it remains to show:

dzVy € tixq a(z,y,z) = B(t2x,q)

which is a consequence of (3.3.15) with = := = and ¢ := ¢ by the 3-introduction rule.

(3.3.15)

(3.3.16)

(3.3.17)
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\ External induction \

Instead of interpreting the external induction axiom, we interpret the equivalent rule, which is

simpler:
A(0)  V®tn® (A(n) — A(Sn))
VstnO A(n)

By induction hypothesis, there are closed terms ¢4, t; and ¢3 such that:

Yya(ty,y,0) (3.3.18)

vn' z,v(Vy € tanzv a(z,y,n) — a(tsnz,v, Sn)) (3.3.19)
We want a closed term ¢4 such that:
V0l waltan, w,n) (3.3.20)
Take t4 := An. Rntyts. Then, by the defining equations for R, we get:

140 =1

t4(STL) = tgn(t4n)

We prove (3.3.20) by induction on n. The base case with n = 0 is a direct consequence of
(3.3.18). For the step, assume:
Vya(tin,y,n) (3.3.21)

We need to show:
YV w a(tgn(tan), w, Sn)

Let w be arbitrary. From (3.3.19) with n := n, x := t4n and v := w, we obtain:
Yy € ton(tan)w a(tan,y,n) — a(tsn(tan),w,Sn) (3.3.22)

Observing that (3.3.21) is stronger than the antecedent of (3.3.22), we can conclude the conse-

quent of (3.3.22), which is what we wanted to show in the first place.

¥z A(2) = Y (stw — A(w)) |

(V2 A(z) = Vw (stw — A(w))H = U, Z,Y V' X, 0, v (

Vze ZXw'v Vye YXw'v a(Xz,y,2) = Vw e w a(UXw, v,w))
Take:

tr:=AX,w' . || Xz

zew’

tz =X, w,v.vw

ty == A X,w',v.{v}
We need to show:

VX,w' iv(Vzew Vye{v} a(Xzy,2) > Vwew o | Xz,v,w))

zew’
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Let X, w’, v be arbitrary, and assume the antecedent:
Vzew Vye{v} a(Xzvy,2) (3.3.23)

We need to show:

Vwew al,e, Xz,v,w)

zew'’

Let w € w’ be arbitrary. From (3.3.23) with z := w and y := v, we get a(Xw, v, w). Since w € w’,

we know Xw C | | .., Xz by Lemma 3.1.16.2. Then by monotonicity of «, we are done.

zew

Y (stw — A(w)) = V' 2 A(2) |

(Vw (stw = A(w)) = V' 2z A(2))Hs = X, W,V VU, 2,y (

Vw e WUzy YoeVUzy Ywew a(Uw',v,w) = a(XUz,y,z2))
Take:

tx =AU, z.U{z}

twr =AU, z,y. {{z}}

ty =/\U,z,y{y}
We want to show:

VU, z,y Vw' € {{z}} Vve{y} Ywew aUuw, v,w) = a(U{z},y,2))

Let U, z,y be arbitrary, and assume the antecedent. From the antecedent, take v’ := {z} and
v:=y. SowegetVw e {z} a(U{z},y, w)as assumption. Letting w := z, we obtain the desired

result.

‘HStzA(z) — Jw (stw A A(w)) ‘

(I 2 A(z) = Fw (stw A A(w))) P & W U Y vV, 2/ v (

Vy' eY'zzv' Jz€2 Vyey a(z,yz) > FJwe Wi Vver alUz,v,w))
Take tw: := Az, 2" . 2/, ty == Az, 2’ .z and ty: := Az, 2/, 0" . {v'}. We want to show:
Vo, 2,0 (Vy' € {v'} Jze€2 Vyey alryz) = TJwez VYver alz,v,w))

Let z, 2, v’ be arbitrary, and assume the antecedent. Take 3’ := ¢’. Then we have as assump-
tion:

Jze Vyer alz,y,z2)

and need to show:

JwezZ Vver alz,v,w)

which are the same formulas, after renaming of bound variables.
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‘ Jw (stw A A(w)) — Itz A(2) ‘

(Bw (stw A Aw)) — Iz A(2))H « X, 72/ V' V' u, g (
Vo' e Viw'uy Jwew Vover alu,v,w) = Iz e Z'wu Vyey a(Xw'u,y,z))
Take tx := Aw' u.u, tz := Aw',u.w and ty, := Aw',u, 3y . {y'}. We want to show:
V' u,y (Vo' € {y'} FJwew Yver alu,v,w) = 3IJzew Vyey alu,y,z))
Let w’, u,y’ be arbitrary and take v’ := y’. We have as assumption:
Jwew' Yvey alu,v,w)
and need to show:

Jzew Vyey a(u,y,z)

which are the same formulas, after renaming of bound variables.

Stz/\z=w—>stw‘

(stzhz=w —=stw) Tt =W V' e Nz=w—weW?)

Take ty := Az’ . 2'. We need to show:

V(zeZNz=w—we?Z)

which is a consequence of Proposition 3.1.1.

stu, u closed

(stu)fe = 3/ (u € o)

Take t,/ := {u}. We need to show u € {u}, which is an instance of Lemma 3.1.7.1. Note that «

needs to be closed, otherwise {u} wouldn’t be closed, as is required.

stf/\stz—>st(fz)‘

(stfAstz s st(f2) A= UVF 2 (fefAzes = fzeUf?)
Take:
tU ::)‘fl7z/'Uf'€f/Uz€z’fZ
We need to show:
Vf/’zl(fEf//\ZGZ/HfZGUfefoZeszz)

which is a consequence of Lemma 3.1.7.3.

Internal axioms \

From Lemma 3.3.2, the Hg-interpretation of internal formulas leaves them unchanged. This
means that this result follows trivially for such formulas. The internal axioms that get taken care

of are the equality axioms, the axiom of internal induction, the axioms for S, for II, for X, for R,
and for L, and the sequence axiom.
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Recall that, in the following, 2’ and u represent tuples of variables. Using Lemma 3.3.2.2:

(vstzl JwVze Z/ go(z,w) 5 Ju VStugo(u,v))Hs‘ o

&IV (VY e Zv Jw Yz e p(z,w) = FoVued p(u,v))
Take tz := Au'. {u'}. We need to show:
Vu' (V2 e {u'} FJwVzez plz,w) = FvVueu pu,v)) (3.3.24)
Let «’ be arbitrary, and assume the antecedent of (3.3.24). Let 2’ := u'. We get
JwVzeu p(z,w)

which is precisely what we wanted, after renaming of bound variables.

(Vw I 2 A(z,w) = I’ Vr Is €5’ A(s, 7))
& FUS" Y Vg 0" (
Vy e Y'xZv" YwIze Vyey alx,y,zw)
-
s’ € "z Vo' e’ Vrdses Vvev alUzz,v,s,r))
Take ty := Az, 2 .z, tgn = Aw, 2" {2’} and ty: := Az, 2/, 0" .v". We need to show:

"

Va,2/, 0" (Vy €v’ YVwIze Vyey alzy,zw)
—
Is' e {Z'} Vv ev” VrIses Vved alz,v,s,r))
Let z,z’',v” be arbitrary, and assume the antecedent. Take s’ := 2z’ in the consequent. So
currently we have as assumption:
Vy €v” YwIz e Vyey alz,y, zw)
and need to show:

Vo' e Vrdsed VYoer alz,v,sr)

These are the same formulas, after renaming of bound variables.

(V2 B w A(z,w) — ISV Ts € Sr A(r, s)) T
& FPUS,Z,Y VX W "
Vze ZXW'r'" Yy e VXWrY Jwe W'z Vyey o(Xz,y,zw)
N

IS e S'XW' Vrer Vo' ed” IseSr Yverv aUXW'rv,r,s))
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Take:
ty = X, W .X ty = XX, W ' 0" o
tsr = AX, W/ AW’} ty = AX, W 0"
We need to show:
VX, W v (Vzer Vy ev' JweW'z Vyey a(Xz,y,z,w)
_>
IS e {W'} Vrer Vo' edv” IseSr Yver a(Xrv,r,s))
Let X, W' ' v" be arbitrary, and assume the antecedent. Take S := W’ in the consequent. So
we currently have as assumption:
Vzer Vy ev’" JweW'z Vyey a(Xz,y,z,w)
and need to show:
Vrer Vo' ed” IseWr Yoer a(Xrv,r,s)

These are exactly the same formulas, after renaming of bound variables.

(' 20(2) = ¥) = I (Vw e w' p(w) = ¢)) =

=FW' VY (Vzed p(z) =) = 3w e W2 Yw ew' plw) = ))
Take ty := Az'.{z'}. We need to show:
V' (Vz ez ¢(z) =) = Fu e {2} Vwew o(w)— 1))

Let 2’ be arbitrary, and assume the antecedent. Take v’ := 2’ in the consequent. We currently

have as assumption:

Vzez oz) =

and want to show:

Vw e 2 o(w) —

These are the same formulas, after renaming of a bound variable.

(V' zp(2) = PwA(w)) = I (VWro(r) = Is € s A(s))H
& FUR, S Y VW', Z,0" (
Vy eY'aw'Zv" (Vze Zy ¢(z) = Jwew Vyey alz,y,w))
%

ds' € 8"xw'Z Vo' €v” (Vr e Raw'Zv' ¢(r) - Ises Yver aUzw'Z,v,s)))
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Take:
ty =z, 0w, 7 . x tsn =z, w', Z . {w'}
tr =z, w', 2.7 tyr =z, w', Z,0" v
We need to show:
Vao,w,Z,0" (Vy €v’ Vze Zy o(z) = Jwew Vyey alz,yw))
—

ds' e {w'} Vv €v’ (VreZv or) = 3Ises Yver a(z,v,s)))

Let z,w’, Z,v"” be arbitrary and assume the antecedent. Take s’ := w’ in the consequent. We

have as assumption:
Vy €v’ VzeZy p(z) > Jwew Vyey a(zyw))
and we need to show:
Vo' e (VreZv p(r) = 3sew Yved a(z,v,s))
These are the same formulas, after renaming of bound variables.
Let A = V' 2 ¢(z) be a vs!-formula in Ays. Then by Lemma 3.3.2.2, Al = A. This means that

we need to show
Yz p(2) (3.3.25)

in E-HAG" + A‘\_'/‘SH. But (3.3.25) is the internalization of A4, so it is a formula of A‘\_',LH.
O

Corollary 3.3.10 (Conservativity). E-HAg" +1“ + NCR” + HAC® + HGMPg; + HIP( is a conservative
extension of E-HA“*. In other words, if E-HAg" + I + NCR” + HAC®” + HGMPg; + HIPy« proves a

formula in the language of E-HA”*, then E-HA”* already proves it.

Proof. Follows from Theorem 3.3.9, since internal formulas (formulas of the language of E-HA“™)

don’t get changed by the Hg-interpretation. O

Corollary 3.3.10 further implies that E-HAg"™ + 1“ + NCR“ + HAC® + HGMPg; + HIP. is consistent

relative to E-HA“*, since L is an internal formula.

Theorem 3.3.11 (Program extraction by the Hg-interpretation). Let Vst 3%ty o(z,y) be a sentence
in the language of E-HAZ", with ¢ internal. Furthermore, let Ay« be a collection of v!-formulas, and

At their internalizations. Suppose:
E-HAS" +1“ + NCR® + HAC® 4+ HGMPS, + HIPYy 4 Ayst F ¥ 2 3%ty oo(2, )
Then there is a closed term ¢ such that:

E-HAY* + AM -V Jy € te o(a,y)
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Proof. Direct consequence of Theorem 3.3.9, taking into account that:
(V'a Fyp(z,y)T =3"Y Vo 3y e Y p(z,y)
O

Theorem 3.3.12 (Characterization theorem for the Hg-interpretation). For all formulas of the lan-

guage of E-HAG™:
E-HAY" + 1 + NCR® + HAC® 4+ HGMPS, + HIPS: - A <5 Al

Proof. By induction on the logical structure of A.

] Internal atomic formulas

For an internal atomic formula ¢, st = ¢, so there is nothing to show.

(stz)fst =3 (2 € &)

To show stz — 32/ (2 € /), take 2’ := {z}. This is a standard term by Remark 3.1.22, and

does the job by Lemma 3.1.7.1.

The other implication, 3% 2’ (z € 2’) — stz, results from Lemma 3.1.24.

For the steps of the induction dealing with formulas A and B, we follow [2] in noting that, according
to Section 1.6.17 of [43], there are internal formulas « and 3 such that E-HAZ" proves:

Al o e vy a(e,y) and B o 3y v o B(u,v)

These formulas are obtained through embeddings of tuples of types in a higher type, and coding with
inverses of tuples of terms in a single term.
With this in mind, we can take the tuples of variables given by the Hg-interpretation as a single

variable.
Since by induction hypothesis A «++ Afs and B «+ B+ it suffices to show
A p BHst 5 (AN B)Hs
It vy a(z,y) AFtu Vo Bu,v) < B, u Vo y, v (alz,y) A Bu,v))

which is straightforward in E-HAS".

We need to show:

AMsty BHst 3 (Av B)Hst
Fte Vryale,y) v Itu Vo B(u,v) & Pz, u VY W Yy €y ale,y) VYV e Blu,v))

From left to right, this is straightforward in E-HAg". From right to left we need LLPOg;, which is

a consequence of I by Lemma 3.2.11.
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A— B
Consider the following enumeration of formulas, starting with Afs — B and ending with
(A — B)Hs:
(1) Btz Sy a(z,y) — Ftu Vo B(u,v)
(2) Yotz (V'y oz, y) — Ftu Vo B(u,v))
(3) Wota Ity (Vty ale,y) — Yo Blu, v))
(4) Voo Ity vty (Vy alz, y) — Blu,v))
(5) Vot Ity vty Ity (Vy €y a(z,y) — Blu,v))
(6) U Vst z Voo Bty (Vy € o alz,y) — B(Uz,v))
(7) U VSt Y Vo (Vy € Yo a(z,y) = B(Uz,v))
8) U, Y V' x, v (Vy € Vv a(x,y) — B(Uz,v))
Clearly it suffices to show (i) «» (i + 1) for all i € {1,...,7}. All the implications (i + 1) — (%)

are easily provable in E-HAg™ (Lemma 3.1.24 is necessary for (5) — (4)). The implications
(1) — (2) and (3) — (4) only need E-HAg" as well.

The implication (2) — (3) is a consequence of HIP{., taking into account that Vst v 8(u,v) is

monotone on v, and (4) — (5) comes form HGMPg;.

As for the remaining three implications, they all follow from HAC® and the following facts:

o Sty Ity (Vy €y alx,y) — B(u,v)) is monotone on u, consequence of the monotonicity

of 8 on the same variable;
e Vyey a(x,y) — B(Uz,v) is monotone on y’, consequence of Lemma 3.1.10.1;

o V' (Vy € Yv a(z,y) — B(Ux,v)) is monotone on Y, again consequence of Lemma
3.1.10.1.

Vz A(z)
We need to show:
Vz A(z) s & (V2 A(2)) =
Vz B VWaa(z,y, 2) & e Vy Vza(z,y, 2)

From left to right we use the monotonicity of V' y a(z, y, z) on z, and NCR“. From right to left

E-HAS" suffices.
Iz A(2)
We need to show:

2 A(2)H & (T2 A(2))He

Jz P Vya(z,y, 2) & P VY I2Vy ey alz,y,2)

From left to right E-HAg™ is enough (using Lemma 3.1.24). From right to left we use 1“.
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vtz A(z)
We need to show:
Vo 2 A(2)Hst o (VU2 A(2))He
Vot e vy a(e,y,2) & X V2 ya(Xz,y, 2)

From left to right we use HAC® and the monotonicity of Vs'y a(z,y, z) on z. From right to left

E-HAg" suffices.
Itz A(z)
We need to show:
Ptz A(2) s o (32 A(2)) e
Ptz B vlyale,y,2) < P 2V 322 Vyecy alz,y,2)

Similarly to the case for 3, from left to right we use Lemma 3.1.24 and from right to left, the

principle 1“.
O

We can prove that there are no characteristic principles missing in the statement of the soundness

theorem for the Hg-interpretation (Theorem 3.3.9):

Theorem 3.3.13. Let H := E-HAg" + 1“ + NCR" + HAC" + HGMPg; + HIPy« be the theory in which
we can prove the characterization theorem for the Hg-interpretation.
Let C be a characteristic principle, i.e., a principle for which it is possible to prove that for every

formula A of the language of E-HAg" with Affs = It g Vly apy, (z,y), if
H+CFA
then there are closed terms of the language of E-HA®* such that
E-HA*" -Vyam,(t,y).
Then C is already provable from H.

Proof. Let CHst = stz 3ty vy (x,y). Since clearly H+ C F C, we know that there are closed terms
t such that:
E-HA" -V yvym,(t,y)

Then E-HAS™ proves the same statement. In particular:
E-HAG vy v (8 y)
which is a weaker statement. Now, since the terms t are closed, they are standard, and hence:
E-HAS F 3%z VS y v, (2, y)

E-HAG" - O
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Wk

Now since the theory H is stronger than E-HAg", we also have H - C*%=, and by the characterization

theorem (Theorem 3.3.12), H C as we wanted to show. O

From the characterization theorems of the Hg-interpretation (Theorem 3.3.12) and of the Dg-

interpretation presented in [2], we get:

Theorem 3.3.14. For all formulas A of the language of E-HAg;":
E-HAY" + 1 + NCR” + HAC® + HGMP; + HIPY. = At <5 AP«

As is the case with the dialectica interpretation of Gddel, the Hg-interpretation could be coupled
with a negative translation to bring it into the realm of Peano arithmetic. It would be interesting to find
the negative translation that would produce the Sg-interpretation defined below, in the same spirit as
Streicher and Kohlenbach did for the interpretations of Gddel and Shoenfield in [41]. In fact, in [2] Van
den Berg et al. did just that for their interpretations, which are very similar to the ones described in

this thesis.

3.4 The Sgi-interpretation

The Sg-interpretation is an interpretation of classical nonstandard arithmetic based on Shoen-
field’s interpretation (outlined in Section 2.3). It was proposed in its first version by Van den Berg,
Briseid, and Safarik in [2]. Later it was slightly modified by Dinis and Ferreira in [10]. In their paper,
Dinis and Ferreira consider a weaker theory than E-PAS", namely E-PRAg", where the only recur-
sor available is of type 0, and induction is restricted to quantifier-free formulas. The version here

presented is an extension of Dinis and Ferreira’s Sgi-interpretation to E-PAg;".

Definition 3.4.1 (Sg-interpretation). The Sg-interpretation associates to each formula A of the lan-

guage of E-PA%" a formula A= of the form:
A% = Py as,(z,y)

with the same free variables and in the same language as A. The (possibly empty) variable tuples x
and y and their types are uniquely determined by the logical structure of A. It is important that these
variables do not appear free in A. Furthermore, ag, is an internal formula.

The definition proper is given below. The sub-formulas inside square brackets are the internal

formulas corresponding to a g, above.
e o5 = ag, := « for internal atomic formulas o
o (stz)%t: =32 [z € 2

Given the interpretations A%t = Vstz Ity ag, (z,y) and B = Vslu It B, (u, v):
o (Av B)%t =¥z u Iy vag,(x,y) V Bs, (u,v)]

o (mA)% =Y P! [Fx € 2’ —as,(z, Y )]
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o (VzA(2)% =V Iy Vzas,(z,y,2)]
Remark 3.4.2. Internal formulas remain unchanged after the Sg-interpretation.
Lemma 3.4.3. Let A be an arbitrary formula of the language of E-PAg" such that

A% =g Sty a(x, y)
Then y is of star type and « is monotone on y.
Idea of Proof. Straightforward induction on the logical structure of A. O
Definition 3.4.4 (HAC;;;). The herbrandised schema of choice for internal formulas, HAC;;, is the
union for all types p, 7 of:
HACET - Vs 22 It p(z,w) — WP V22 Jw € W2 p(z, w)

where ¢ is any internal formula in the language of E-PA“™.

Theorem 3.4.5 (Soundness of the Sg-interpretation). Let A be an arbitrary formula in the language
of E-PAS", possibly with free variables, such that A% = Vst z 3ty a g (z,y). Furthermore, let Ay, be

a collection of internal formulas. Suppose:
E-PA;" + 19 + HAC + A F A

Then there are closed terms ¢, which can be extracted from a proof of A, such that:
E-PA*" + At F YV as, (z, tx)

Idea of Proof. By induction on the derivation of A, using the monotonicity of ag, in the existentially
quantified variables. The proof can be found in [10]. Even though they use a weaker theory than here,
namely E-PRAS", the only extra axiom that we need to check is external induction. For convenience,
we interpret the external induction rule, which is equivalent, instead:

A(0)  V'nO (A(n) — A(Sn))
VstnO A(n)

Suppose A(n)% = Wtz Ity a(z,y,n) where z,y should be thought of as tuples of variables.
During the rest of this proof we discard the tuple notation for simplicity.
By induction hypothesis, there are closed terms Y of type p — 7*, U’ of type 0* — (p — 7*) —
p — p*,and Q of type 0* — (p — 7*) — p — 7* such that:
Vaa(z,Ye,0) (3.4.1)
vl V,pV¥nen (YueUn'Vp alu,Vu,n) = a(p,Qn'Vp, Sn)) (3.4.2)
And we need to find a closed term W of type 0* — p — 7* such that:

Vm'Y 2 Vmem' alz, Wm'z,m) (3.4.3)

We want to use a similar strategy to the one used in the treatment of the external induction rule during
the proof of Theorem 3.3.9. Ideally, the formulas (3.4.2) and (3.4.3) would start with a universal
quantification over a term of type 0, instead of with a universal quantification over a term of type 0*.

In fact, we can massage said formulas until they are in our preferred form:

54



1. Leti’ := An°.U'{n} and Q := An".Q{n}. Then from (3.4.2) it is possible to prove:

v, V,p(Vu e U'nVp a(u, Vu,n) — a(p, OnVp, Sn)) (3.4.4)

2. Given W of type 0 — p — 7* such that
vm®, z a(z, Wmz,m) (3.4.5)
it is possible to prove (3.4.3) with W := Am/0" . Llpem WE.

Now we can reformulate the goal: from (3.4.1) and (3.4.4), find W of type 0 — p — 7* such that
(3.4.5).
Take W := Am". RmY Q. From the recursor axioms we get:

WwWo=Y
W(Sm) = Om(Wm)

We show (3.4.5) by induction on m. The base case with m = 0 is a direct consequence of (3.4.1).
For the step, assume:
Vza(z, Wmz,m) (3.4.6)

and let zy be arbitrary. We need to show «a(zy, W(Sm)zo, Sm). Unravelling W(Sm), we see that the

goal is really a(zo, 9m(Wm)zp, Sm). So take in (3.4.4) n:=m, V := Wm, p := 2y, obtaining:
VuelUd'mWm)zy alu, Wmu,m) — a(zy, @m(Wm)zo, Sm) (3.4.7)

Noticing that (3.4.6) is stronger than the antecedent of (3.4.7), we can conclude its consequent, which

was precisely our goal. O

Theorem 3.4.6 (Characterization theorem for the Sg-interpretation). For all formulas of the language
of E-PAg":
E-PAL" +1° + HAC, F A < A5

Proof. By induction on the logical structure of A.

] Internal atomic formulas

For an internal atomic formula ¢, ¢ = ¢, so there is nothing to show.

Since (stz)% = (st z)=, this step coincides with the step for st z in the proof of Theorem 3.3.12

(where only E-HAZ" is used).

As in the proof of Theorem 3.3.12, we note that there are internal formulas « and 5 such that
E-PAg" proves:
A%t o Vo Ity a(z,y) and B o V' 38w B(u, v)

and hence can take the tuples of variable given by the Sg-interpretation as a single variable.
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By induction hypothesis, A «++ A%t and B <+ B+, so it suffices to show:
A%ty BS 3 (AV B)
Ve By alz,y) vV u 30 Bu,v) & Ve u Iy v (alz,y) V B(u,v))
which easy to check in E-PAg".

We need to show:

_|ASst PN (_‘A)Sst
-Vt By a(e,y) & VY I Jr 2’ —alz,y)
Consider the following:
(1) =V'z Fya(z,y)
(2) = 3'Y' Vr Jy e Yz a(z,y)
(B) V'Y’ I'ax Vy € Yz —a(w,y)
(4) sty st/ Jsty ca —\a(:c,Y:Z:)

It is enough to show (i) <» (¢ +1) for all ¢ € {1,2,3}. The implication (1) — (2) is a consequence
of HACi;;. The other side is easy to check in E-PAg", using Lemma 3.1.24. The equivalence
(2) + (3) follows from the rules for negation. For (3) — (4), take Y := Az . {Yz} and 2’ := {z};
the result uses Lemma 3.1.7.1. For (4) — (3), take Y := Az. |J,y/, v; the result follows by

Lemmas 3.1.24, 3.1.10.3, and the monotonicity of a(x,y) on y.
VzA(z)
We need to show:
V2 A(2)% & (V2 A(2))5
VzVole tya(e,y, 2) « Ve Bty Vea(z,y, 2)

From right to left this is straightforward in E-PAL". From left to right we use the realization
principle R, taking into account that «(z, y, 2) is monotone on y. This is possible because R”

is the contrapositive of .
0

From the characterization theorems for the Sgi-interpretation presented here and Van den Berg et

al’s interpretation for classical logic presented in [2] (here written as Sgi(Berg)) we get:
Theorem 3.4.7. For all formulas A of the language of E-PA™:

E-P gt* + [@ +HACmt l_ASst YN ASst(Berg)
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3.5 Countable saturation

In this section, we briefly study the CSAT® principle, which is common among nonstandard argu-

ments.

Definition 3.5.1 (CSAT*). The countable saturation principle, CSAT“, is the union for all types p of:
CSAT? : v*'n® 32° A(n,2) — 3Z°77 V100 A(n, Zn)

for all formulas A of the language of E-HA®*.

We will see that CSAT” is interpreted by the Hg-interpretation, or in other words, that it is a
characteristic principle.

The story is different when we're in a classical setting. Here adding even CSAT® to E-PA%* + OS°
already gives us the strength of full second-order Peano arithmetic. In fact, as is seen by Van den

Berg et al. in [3], E-PAg" + I + HAC;,;, + CSAT* has exactly the strength of second-order arithmetic.

3.5.1 Countable saturation in an intuitionistic setting

We will see that it is possible to reduce the Hg-interpretation of CSAT® to the finite axiom of choice,

AC;q;,,. Hence a first goal is to show that E-HA“* proves AC,.

Definition 3.5.2 (AC;;,). The finite axiom of choice, AC;;,, is the union for all types p of:
ACE Vs (Vnes FaPp(n,x) = 3IX7PVn s p(n,Xn))
for all formulas ¢ of the language of E-HA*™.

Lemma 3.5.3. E-HA“" - AC;,.

Proof. By sequence induction on s°". If s = {}, then the consequent of AC;;, is trivially true, since
Vn-(n e {}).

For a sequence s’ = prep ks we know by induction hypothesis:
Vnes Jxpn,z) =3IX Vnes p(n,Xn) (3.5.1)

Assume:
Vn eprepks Iz o(n,x) (3.5.2)

From (3.5.2), take n := k and x;, such that
ok, zk) (8.5.3)
Since (3.5.2) is stronger than the antecedent of (3.5.1), we also get its consequent:
X Vnes ¢o(n,Xn) (3.5.4)

Take X such that
Vnes oz, Xon) (3.5.5)
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as in (3.5.4). We are now able to build:

X =An. Tk ifn:o.k
Xon otherwise

by taking into account the decidability of type 0 equality. It remains to show:
Vn € prepks ¢o(n, Xn)

If n = k, this follows from (3.5.3). If n € s, it follows from (3.5.5) instead. There are no more cases to

consider. O
Theorem 3.5.4. E-HA" + 1“ + NCR* + HAC® + HGMPg; + HIPy« - CSAT™.

Proof. By Theorem 3.3.13, it suffices to extend the proof of the soundness theorem for the Hg-interpre-
tation (Theorem 3.3.9) for the CSAT“ principle.
Let Afs = 3%ty vty a(x,y) where z,y should be regarded as tuples, even though we don't write

x or y for simplicity.
(V'n 32 A(n,2z) — IW V'm A(m, Wm))H = U, N, Y v X, m/ ' (
Vne NXmv' Vy eY'Xm/v FzVyey a(Xn,y,n,2)
_>

AW Vmem' Yvev a(UXm,v,m,Wm))
Take ty := A X . X, tn ;= A X,m/,v".m’ and ty, := A X, m’,v". {v'}. We need to show in E-HA*":

VX,m' W' (Vnem Vy e{v} FJzVyey a(Xn,y,n,z)
%

AW Vmem' Yverv a(Xm,v,m,Wm))

or simply:
VX,m' v (Ynem' FzVyedv a(Xn,y,n,z2)
%
AW Vmem' Yvev a(Xm,v,m, Wm))
which is an instance of ACj;,. So, by Lemma 3.5.3, we are done. O

3.5.2 Countable saturation in a classical setting
We now want to show that E-PA%* 4+ OS” + CSAT" interprets full second-order arithmetic.

Definition 3.5.5 (PA,). Full second-order Peano arithmetic, PA,, is a two-sorted classical system, that
distinguishes between number terms (denoted as lower-case Latin letters) and set terms (denoted
as upper-case Latin letters). The language includes the usual logic connectives (with distinguished

quantifiers for numbers and for sets), the constants 0 and 1 with their usual meanings, the functions

58



+ (sum of two numbers) and - (product of two numbers), and three predicates: = (equality between
numbers), < (inequality between numbers), and € (membership of a number in a set).
Other than logical axioms for classical logic and basic axioms governing the behaviour of the

various terms available, it also includes an induction axiom:
0eXAVnneX »n+1leX)) =-Vn(neX)
and the full comprehension schema:
IX Vn(ne X < ¢(n))

where ¢ is any formula without X as free variable.

The full definition can be found, for example, in Section 1.2 of [39] (where PA, is named Z5).
Lemma 3.5.6. E-PAS" F V'n® Ym0 (=stm — n < m).

Proof. It suffices to notice that: either n < m and we are done, or m < n, and then m must be
standard by Lemma 3.1.23. O

Theorem 3.5.7. E-PA%* + OS” + CSAT" interprets PA,.

Proof. The idea is to see number terms of PA, as standard terms of type 0 in E-PAg" and set terms
of PA, as terms of type 0* in E-PAg™. Then all the terms of PA; have ready interpretations in E-PAg".

Classical logic is interpreted, as well as the basic axioms defining the behaviour of the terms of
PA,. For the induction axiom of PA; we can use the external induction axiom of E-PA*. Now it only
remains to show that full comprehension is verified. Translating this schema into the language of

E-PAZ", we need to show that for every formula A:
350 V'O (n e s & A(n))
We start by noticing that, with the help of the law of excluded middle, E-PAg" shows:
Vo n® 3k (k=0 < A(n)) (3.5.6)
Then from CSAT’ and (3.5.6) we obtain:
FE7O VR0 (Kn =0 < A(n)) (3.5.7)

Take K in the circumstances of (3.5.7). It is easy to show by external induction that:

Vim0 30 (Vn<m (n€ sy, < Kn=0)AVIE s, (<m)) (3.5.8)
It suffices to take:
. {0} IfKO0O=00 . ~ Jprepy(Sm)sy, if K(Sm) =00
"7 1{} otherwise ™) s, otherwise

We don'’t really care that Vi € s,,, (I < m), butitis easy to show and makes the induction hypotheses

strong enough to prove the other part.
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From (3.5.8) and OS° we get:
Iml (=stmAIs” (Yn<m (nese Kn=0)AVIcs (I<m)))
So there is a nonstandard number m for which:
35" Vn<m (nese Kn=0) (3.5.9)

Since by Lemma 3.5.6 all standard numbers are less than any nonstandard number, from (3.5.9) in
particular:
35V V' (n € s+ Kn=0) (3.5.10)

From (3.5.6) and (3.5.10) we are done:

359 V' (n e s < An))
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In this chapter we study something different from the focus of the previous chapters: Weihrauch
reducibility. This is a relation between multi-valued operations first introduced by Klaus Weihrauch in
[45, 46], and later modified to its modern definition by Gherardi and Marcone [20]. It has been used
in logic to find which theorems can be computationally (or continuously) reduced into which other
(see, for example, [5, 6, 7, 20]). To deal with this, we look at theorems as multi-valued operations. In
particular, theorems of the form:

Vo Iy Ao(z,y)

are good candidates to see as multi-valued operations, since to every z it's possible to assign at least
a y such that Ay(z,y).

In Section 4.1, we shortly describe the notion of Weihrauch reducibility between multi-valued op-
erations. Then, in Section 4.2, we outline a connection between this new notion and the dialectica

interpretation.

4.1 Weihrauch reducibility

Definition 4.1.1 (Multi-valued operation). A multi-valued operation is a relation f : X = Y between

spaces X and Y such that each element of X is in relation to at least one element from Y.

Note that a multi-valued operation is generally not a function in the usual sense of the word, but

functions can be seen as multi-valued operations.

Definition 4.1.2 (Representation, represented space). A representation x of a set X is a surjective

function 6x : NN — X If such a function exists, we say that X is a represented space.

It can be useful to know specific representatives of the output of a given multi-valued operation. In

other words, to have a function which realizes a given multi-valued operation.

Definition 4.1.3 (Realizer, F). Let f : X = Y be a multi-valued operation on represented spaces
(X,dx) and (Y, dy). We say that F' : NN — NN is a realizer of f with respect to (Jx, dy ), in symbols

F sy .6, f,ifforallp e NY¥ we have:

dy (F(p)) € f(dx(p))

Functions from N to N can be though of as functions from R to R. We say that such a function
is computable if there exists a type-two Turing machine which computes it. A function is continuous if
every finite portion of the output is determined by a finite portion of the input (the notion induced by

the Cantor topology on NY). For more details about computable analysis, see [47].

Definition 4.1.4 (Computable and continuous multi-valued operations on represented spaces). A
multi-valued operation f : X = Y on represented spaces (X, dx) and (Y, dy) is (dx, 0y )-computable
(respect. (dx, dx)-continuous) if there is a computable (respect. continuous) realizer of f with respect
to (0x,dy).

We can now define what is meant by Weihrauch reducibility.
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Definition 4.1.5 (Weihrauch reducibility, <y). Let f,¢g : X = Y be multi-valued operations on repre-
sented spaces (X, dx) and (Y, dy ). We say that f Weihrauch-reduces to g, in symbols f < g, if there
exist computable functions H : N¥ x N¥ — N¥ and K : NN — NY such that for all realizers G of g, the

function F : NN — NN such that:
F(p) = H(p,G(K(p))) forallpeN"

is a realizer of f.

It is interesting to ask which multi-valued operations Weihrauch-reduce to which others. If we see
v3-formulas as multi-valued operations, we can also ask which formulas Weihrauch-reduce to which

other. What follows is a technique to do just that, with the help of the dialectica interpretation.

4.2 A comment on how to use the dialectica interpretation to
prove reductions

Recall that type 1 is the same as 0 — 0, and hence it's the appropriate type to represent N,
assuming we are in the set theoretical model (see section 3.6 of [29] for details on models). Let
Ao(xt,y') and By(z!, w') be quantifier-free formulas without Vv in the language of WE-HA®. Recall
from Corollary 2.1.9 that in WE-HA® quantifier-free formulas can be rewritten to loose any Vv they might
have, so this is not really a restriction. Recall also from Remark 2.2.2 that these formulas remain un-
changed after the dialectica interpretation. Consider the formulas Vx 3y Ag(x,y) and V z 3w Bo(z, w)

and the multi-valued operations associated with them:

A:NY= NV suchthat A(z) = {y| Ao(z,y)}

B:NY= NV suchthat B(z) = {w]|Bo(z,w)}

Now suppose:
Vo Iy Ao(z,y) = Vz Jw Bo(z,w) (4.2.1)

Then it would be reasonable to wonder whether B <\ A. After all, this is just a precise way of stating
that we are able to “solve” B after already knowing how to “solve” A. That’s what it means to reduce
one problem to another. We will see that it is indeed possible to prove a result to this effect, albeit in
a roundabout way.

We start by taking the (classically equivalent) contrapositive of (4.2.1):
JzVw-By(z,w) = Jz Vy-Ao(z,y) (4.2.2)
and assuming that we can prove its dialectica interpretation:
XL Wiyl gl (By (2, Way) — ~Ag(X 2, y)) (4.2.3)

giving witnesses X, I in the language of WE-HA® to that effect.
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To prove (4.2.3) constructively, we can proceed either directly, or via Theorem 2.2.6 (Soundness
of the dialectica interpretation). The latter option seems better, but then we would need a constructive
proof of (4.2.2), which in general we don’t have. For now we proceed on the assumption that such a
proof exists and that we have access to the witnesses X and W. We want to use these witnesses to
prove B <y A.

As A, B : NN = NN, we take oy as the identity representation. Let A : NY¥ — NY be a realizer of

A. In other words, such that for all z € NN we have:

Az) € A(x)
or equivalently

Ap(z, Az))

Consider B such that for every z € NN we have B(z) = ty (2, A(tx(2))), where tx : NY¥ — NV is
the semantic interpretation of X and ty : NN x NY¥ — NN is the semantic interpretation of WW. Both
tx and ty are computable functions. We claim that B is a realizer of B, hence showing B <y .4 as
desired. To see this, choose arbitrary z € NY. From (4.2.3), after having fixed X and W, we can

instantiate z := z and y := A(Xz), thus obtaining:
—Bo(z, Wz(A(Xz))) = —Ag(Xz,A(Xz))

Taking the (classical) contrapositive of the previous expression, and from the fact that A is a realizer
of A, we are able to conclude:
Bo(z,Wz(A(X2)))

which is precisely the statement that B realizes 5, seeing as we took z to be arbitrary.
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5.1 Results

We saw that it is possible to modify the Dg-interpretation of Van den Berg et al. [2] to allow
for a different notion of monotonicity, thus obtaining the Hg-interpretation. We proved soundness,
characterization and term extraction theorems for this new interpretation. As corollary from the char-
acterization theorem, we saw that the Dg-interpretation and the Hg-interpretation are equivalent in
the presence of the principles 1, NCR”, HAC®”, HGMPg; and HIP{.

We saw that the Sg-interpretation of Dinis and Ferreira [10] can be extended to E-PAg", and
proved a characterization theorem for it. From this theorem, we obtained as corollary that the Sg-
interpretations of Van den Berg et al. [2], and of Dinis and Ferreira [10] are equivalent in the presence
of the principles I and HAC;;,.

We used the Hg-interpretation as a way to investigate the strength of the countable saturation
principle CSAT* in an intuitionistic context. We saw that this principle is weak intuitionistically. We
also observed that when CSAT” is added to E-PAg" + 1, the ensemble interprets full second-order
arithmetic. These results had already been obtain by Van den Berg et al. in [3], albeit using the
Dgi-interpretation and not the Hg-interpretation as the main tool.

Finally, we observed that in certain circumstances it is possible to use the dialectica interpretation

to show that a a V3-theorem Weihrauch-reduces to another one.

5.2 Future work

There are some interesting questions left to answer regarding to the topics of this thesis. For
example, is there a negative translation which composed with the Hg-interpretation gives the Sg-
interpretation? The work of Van den Berg et al. in Section 6 of [2] might be useful to answer this
question. However, it is not possible to use their negative translation directly, because we need to
preserve the monotonicity of the interpretation.

We would also like to know whether the soundness of the Dg-interpretation is in fact not intu-
itionistically verifiable with the clause of the disjunction as it is, or if it is possible to make use of the
finiteness of the sequences to prove the soundness theorem in E-HA“™.

From a more practical point of view, one should be able to use the functional interpretations de-
scribed here to unwind nonstandard arguments.

Escard6é and Oliva [12] have shown that it is possible to witness the Dg-interpretation of the
double-negation-shift with the help of Spector’s bar recursion [40]. Using this result in a fundamental
way, Van den Berg et al. [3] show that E-PAg™ + 1“ + HAC® coupled with the countable saturation
principle CSAT® have the strength of full second-order arithmetic. It might be possible to interpret a
nonstandard version of the dependent choices principle using bar recursion, and it would be interest-
ing to see if such a result gives rise to new nonstandard proof principles.

Finally, we would like to improve the result on the Weihrauch-reducibility of V3-theorems by way of
the dialectica interpretation. One direction would be to weaken the conditions of the result; we could

also extend it to allow formulas with free variables of types other than 0 — 0.
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Definition of the projection term
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In Section 3.1.1, we mentioned the possibility to define in E-HA“* a projection term (-). , of type

p* — 0 — psuch that:

({}i=0"
(prepzs)g =«
(pPrep zs)(si) = (s)s
We will now make its definition explicit. Recall the axioms for R and L:

(R)p: Let p = p1,...,px be any tuple of types. Let 2°, y = v, ..., y; with each y; of type p;, and

z=2z,...,2; with each z; of type 0 — p; — --- — pr — p; be variables. The axioms are:

(Ri)poyz =p; Yi
forie {1,...,k}
(Ri)p(Sz)yz =pi Z,;x(Rpxyz)

(L), p: Let p=py,...,pi be any tuple of types. Let 27, 57", y = v, ..., yx With each y; of type p;,

and z := zy,..., z; with each z; of type 0 — p1 — - -+ — pr — p; be variables. The axioms are:

(Li)opltoyz =p; i
fori e {1,...,k}

(Li)o,p(Prep, zs)yz =,, zix(L, p5yz)

We define three auxiliary terms:
o First element of a sequence: first, of type p* — p, defined as:
first, := As” . L, ,sO?(\z",y" . x)
Using the axioms of L, we obtain:

first{} = O

first(prepzs) =«

o Identity and all except the first element of a sequence: id,, rest, both of type p* — p*, defined

making use of simultaneous list recursion as:

id, == As” . (L1)p e pe5{},OF (N2 uf 0P . preppxu)()\xp,up*,vp* )

rest, .= As? . (Lg)pp p5{},0° (2P, uf" v° . prep,, zu)(NzP,uf” vP )

Using the axioms of L, Lo, we obtain:

id{} = {} rest{} = O
id(prep zs) = prep xs rest(prepzs) = s

o End subsequence whose first element is the i-th element of the original sequence: sub, of type

p* — 0 — p*, defined as:
sub, := As”",i%. R,-is(\j°,w”" . rest, w)

A-2



Using the axioms of R and the above, we obtain:

subs0 =s

sub s(S%) = rest(sub si)
For example, informally writing a list as {so, s1, $2, $3, S4, S5 }:

SUb{So, S1,S82,53, 54, 85}(5550) = rest(rest(rest{so, S1,582,53, 54, 85})) = {83, S4, 85}

We are finally able to define the projection: (-). , of type p* — 0 — p as:
().p = As",i% L, ,507(\a”, 2* . first,(sub,, si))
We write (s); instead of (-).si. Using the axioms for L and the above, we obtain:

{hi=0
(prep xs)o = first(sub(prep xs)0) = first(prep xs) = x

(prep zs)(s;) = first(sub(prep xs)(Si)) = (s);

as desired.
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